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WRAPPED MICROLOCAL SHEAVES ON PAIRS OF PANTS
DAVID NADLER
Abstract. Inspired by the geometry of wrapped Fukaya categories, we introduce the notion
of wrapped microlocal sheaves. We show that traditional microlocal sheaves are equivalent
to functionals on wrapped microlocal sheaves, in analogy with the expected relation of infin-
itesimal to wrapped Fukaya categories. As an application, we calculate wrapped microlocal
sheaves on higher-dimensional pairs of pants, confirming expectations from mirror symmetry.
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2 DAVID NADLER
1. Introduction
The aim of this paper is twofold: to introduce a notion of wrapped microlocal sheaves
parallel to wrapped Fukaya categories as introduced by Abouzaid-Seidel [3] and studied by
Auroux [4], and to establish a homological mirror symmetry equivalence for higher-dimensional
pairs of pants extending the results of Seidel [31], Sheridan [32], and the collaboration [2]. More
speculatively, we are also motivated by the expectation that wrapped microlocal sheaves will
offer a good model for A-branes in a Betti version of Geometric Langlands.
Wrapped microlocal sheaves arise naturally from both geometric and categorical consider-
ations, and consequently enjoy many appealing features. Most notably, traditional microlocal
sheaves are equivalent to functionals on wrapped microlocal sheaves (see Theorem 1.6 below)
in analogy with the expected relation of infinitesimal to wrapped Fukaya categories, or the
relation of perfect complexes with compact support to coherent sheaves [5]. Returning to a
more classical setting, one might also keep in mind the identification of compactly-supported
cohomology with functionals on Borel-Moore homology.
To provide a collection of simple examples of the theory, we first calculate wrapped microlo-
cal sheaves on exact symplectic surfaces equipped with skeleta. In particular, in the case of
punctured spheres, we obtain versions (see Theorem 1.15 below) of the mirror symmetry re-
sults of [2]. We then turn to our main application and calculate wrapped microlocal sheaves
supported along natural skeleta within higher-dimensional pairs of pants. We establish their
equivalence with the expected Landau-GinzburgB-models in their guise as matrix factorizations
(see Theorem 1.13 below). This can be viewed as a generalization, in the language of microlo-
cal sheaves, of results of [2] to higher dimensions, and the results of [31, 32] from compact to
arbitrary branes. It also provides the “opposite direction” of homological mirror symmetry to
that undertaken in [24, 25].
1.1. Wrapped microlocal sheaves. Roughly speaking, to an exact symplectic manifold M
equipped with a Lagrangian skeleton L, there are associated two versions of the Fukaya category:
the infinitesimal Fukaya-Seidel category [30] with Lagrangian branes inM running along L, and
the wrapped Fukaya category [3] with Lagrangian branes in M transverse to L. (When the
skeleton is noncompact, the wrapped variant is often called partially wrapped [4].)
There is a broad expectation that the infinitesimal Fukaya-Seidel category may be modeled
by microlocal sheaves onM supported along L. While there is not yet a general account of such
an equivalence, there is a convincing and rapidly growing body of evidence, originally motivated
by the intersection theory of Lagrangian cycles, and including the far from exhaustive list of
references [6, 9, 20, 27, 33]. (We include below a brief review of microlocal sheaves, but for
further details, all roads lead to the pioneering work of Kashiwara-Schapira [14].)
In this paper, we propose a notion of wrapped microlocal sheaves which we can verify in
many situations similarly models the wrapped Fukaya category. We primarily focus on the
traditional microlocal setting of conic open subspaces Ω ⊂ T ∗Z of the cotangent bundle of a
real analytic manifold Z. This suffices for the study of wrapped microlocal sheaves on exact
symplectic manifolds M that arise from such conic open subspaces Ω ⊂ T ∗Z by Hamiltonian
reduction. In particular, it is the approach we take to calculate wrapped microlocal sheaves
on higher-dimensional pairs of pants. We also calculate wrapped microlocal sheaves on exact
symplectic surfaces equipped with skeleta where a more general approach via the gluing of local
constructions is not too involved and fits within the scope of this paper.
Throughout, we fix an algebraically closed field k of characteristic zero (though more general
settings are possible). We work with k-linear differential graded (dg) categories, k-linear dif-
ferential Z/2-graded (Z/2-dg) categories, and derived functors, though our language may not
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explicitly reflect this. For example, by a k-module, we will mean a dg k-module, and by a
perfect k-module, we will mean a dg k-module with finite-dimensional cohomology.
Given the cotangent bundle T ∗Z of of a real analytic manifold Z, let us begin by listing
some prominent features wrapped microlocal sheaves enjoy. (We recommend the analogy with
coherent sheaves discussed in Remark 1.7 as an organizing framework.) Fix a closed conic
Lagrangian subvariety Λ ⊂ T ∗Z which we will refer to as a support Lagrangian. To a conic
open subspace Ω ⊂ T ∗Z, there is a dg category µShwΛ(Ω) of wrapped microlocal sheaves on
Ω supported along Λ. Given an inclusion of conic open subspaces Ω′ ⊂ Ω, there is a natural
corestriction functor µShwΛ(Ω
′) → µShwΛ(Ω). These assignments assemble into a cosheaf µSh
w
Λ
of dg categories supported along Λ. There exists a stratification of Λ such that the restriction
of µShwΛ to each stratum is locally constant. The stalk of µSh
w
Λ at a smooth point of Λ is (not
necessarily canonically) equivalent to perfect k-modules. Given a closed embedding of support
Lagrangians Λ ⊂ Λ′, there is a natural localization µShΛ′ → µShΛ.
Example 1.1. For the zero-section Λ = Z and the entire cotangent bundle Ω = T ∗Z, one can
interpret µShwZ(T
∗Z) as a dg category of certain locally constant sheaves. More precisely, it
is equivalent to the dg category of perfect modules over chains on the Poincare´ ∞-groupoid
of Z. In particular, if Z is connected, it is equivalent to the dg category of perfect modules
over chains on the based loop space of Z. (One could compare with the parallel result for the
wrapped Fukaya category proved by Abouzaid [1].) In contrast, the traditional dg category
of local systems is equivalent to the dg category of those modules over chains on the Poincare´
∞-groupoid of Z whose underlying k-module is perfect.
Example 1.2. In the papers [24, 25], we calculated the Landau-Ginzburg A-model M =
Cn,W = z1 · · · zn taking its branes in the form of microlocal sheaves. In the most basic
formulation, we took as support Lagrangian the “singular thimble” Lc = Cone(T
n−1) ⊂ M
given by the cone over a compact torus in a regular fiber. We established a mirror equivalence
between traditional microlocal sheaves on M supported along Lc and perfect complexes with
proper support on the (n − 2)-dimensional pair of pants Pn−2. If one repeats the arguments
of [24, 25] with the wrapped microlocal sheaves of this paper, one will arrive at a mirror
equivalence with all coherent complexes on Pn−2.
The essential nature of wrapped microlocal sheaves is perhaps best captured by their relation
with traditional microlocal sheaves. To pursue this, to a conic open subspace Ω ⊂ T ∗Z, let
us denote by µSh♦Λ (Ω) the cocomplete dg category of large microlocal sheaves on Ω whose
microstalks are arbitrary k-modules supported along Λ. Thus we require objects of µSh♦Λ (Ω)
to be geometrically tame in the sense that their singular support lies within Λ, but we do not
impose any algebraic restriction on their size.
We will focus on two natural ways to cut out a small dg subcategory of µSh♦Λ (Ω) by imposing
finiteness conditions.
First, there is the full dg subcategory
µShΛ(Ω) ⊂ µSh
♦
Λ (Ω)
of objects whose microstalks are perfect k-modules supported along Λ. We refer to these as
traditional microlocal sheaves, though more technically they might also be termed microlocally
constructible. They are the version of microlocal sheaves closely related to the infinitesimal
Fukaya-Seidel category, and can be represented locally by constructible sheaves.
Traditional microlocal sheaves enjoy the following contravariant versions of the features of
wrapped microlocal sheaves listed above. Given an inclusion of conic open subspaces Ω′ ⊂ Ω,
there is a natural restriction functor µShΛ(Ω)→ µShΛ(Ω
′). These assignments assemble into a
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sheaf µShΛ of dg categories supported along Λ. There exists a stratification of Λ such that the
restriction of µShΛ to each stratum is locally constant. The stalk of µShΛ at a smooth point of
Λ is (not necessarily canonically) equivalent to perfect k-modules. Given a closed embedding
of support Lagrangians Λ ⊂ Λ′, there is a natural fully faithful embedding µShΛ → µShΛ′ .
Second, we can cut out a small dg subcategory of µSh♦Λ (Ω) by imposing the standard cat-
egorical finiteness of compact objects. Recall that an object c ∈ C of a stable dg category is
compact if and only if the functor it corepresents Hom(c,−) : C → Modk preserves coprod-
ucts. If C is cocomplete, in particular it contains coproducts, then we may recover it as the
ind-category C ≃ Ind Cc of its full dg subcategory of compact objects.
Definition 1.3. The dg category of wrapped microlocal sheaves is the full dg subcategory
µShwΛ(Ω) ⊂ µSh
♦
Λ (Ω)
of compact objects within the cocomplete dg category of all microlocal sheaves.
The above definition is useful for the clean characterization it provides, but there is an equiv-
alent and more geometric way to approach wrapped microlocal sheaves that better illuminates
their relation to the wrapped Fukaya category.
To explain this, let us briefly recall the geometry of microstalks. For simplicity, let us focus
on microstalks at a generic point (z, ξ) ∈ Λ, where z ∈ Z and ξ ∈ T ∗z Z, so that in particular
Λ ⊂ T ∗Z is a smooth Lagrangian submanifold near to (z, ξ).
Choose a small open ball B ⊂ Z around z ∈ Z, and a smooth function f : B → R such that
f(z) = 0, and dfz = ξ. The graph L = Γdf ⊂ T ∗Z is a small Lagrangian ball centered at (z, ξ).
Let us assume it intersects Λ ⊂ T ∗Z transversely at the single point (z, ξ).
Then for Ω ⊂ T ∗Z a conic open subspace containing (z, ξ), the microstalk along L ⊂ Ω of a
microlocal sheaf F ∈ µSh♦Λ (Ω) is the vanishing cycles
φL : µSh
♦
Λ (Ω)
// Modk
φL(F) = Γ{f≥0}(B, F˜ |B) = Cone(Γ(B, F˜)→ Γ({f < 0}, F˜|{f<0}))[−1]
where the sheaf F˜ represents the restriction of the microlocal sheaf F to a small conic open
neighborhood of (z, ξ).
By abstract formalism, there is an object FL ∈ µSh
♦
Λ (Ω), which we call a microlocal
skyscraper, corepresenting the microstalk in the sense of a natural equivalence
φL(F) ≃ Hom(FL,F) F ∈ µSh
♦
Λ (Ω)
We have the following geometric alternative to the above categorical definition.
Lemma 1.4 (Lemma 3.15 below). The microlocal skyscrapers FL ∈ µSh
♦
Λ (Ω) form a collection
of compact generators, and thus wrapped microlocal sheaves
µShwΛ(Ω) ⊂ µSh
♦
Λ (Ω)
form the full dg subcategory split-generated by the microlocal skyscrapers.
Remark 1.5. From the above geometric characterization, we can see more clearly the relation
with the wrapped Fukaya category. The microlocal skyscraper FL ∈ µSh
w
Λ(Ω) corresponds to
the object of the wrapped Fukaya category given by the Lagrangian ball L ⊂ Ω transverse to
Λ equipped with a suitable brane structure.
The morphisms between microlocal skyscrapers involve the potentially complicated global
geometry of the exact symplectic manifold Ω and support Lagrangian Λ. This is in parallel
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with the potentially complicated global dynamics of the wrapping Hamiltonian H : Ω → R
found in the construction of the wrapped Fukaya category.
Now let us focus on how the above versions of microlocal sheaves are related. Since the full
dg subcategory µShwΛ(Ω) ⊂ µSh
♦
Λ (Ω) of wrapped microlocal sheaves comprises the compact
objects, we can recover all microlocal sheaves from it by forming the ind-category
µSh♦Λ (Ω) ≃ IndµSh
w
Λ(Ω)
It turns out we can also recover the small dg category µShΛ(Ω) ⊂ µSh
♦
Λ (Ω) of traditional
microlocal sheaves from wrapped microlocal sheaves (though not vice versa, see Remark 1.8).
The natural hom-pairing between µShΛ(Ω) and the opposite dg category µSh
w
Λ(Ω)
op lands in
perfect k-modules. We prove this is in fact a perfect pairing in the following sense.
Theorem 1.6 (Theorem 3.21 below). The natural hom-pairing provides an equivalence
µShΛ(Ω)
∼ // Funex(µShwΛ(Ω)
op,Perfk)
where Funex denotes the dg category of exact functors, and Perfk that of perfect k-modules.
Remark 1.7. With mirror symmetry in mind, we advocate the following informal analogy.
To the conic open subspace Ω ⊂ T ∗Z and support Lagrangian Λ ⊂ T ∗Z, let us imagine
assigning a variety XΛ(Ω). We can think of wrapped microlocal sheaves µSh
w
Λ(Ω) as coher-
ent sheaves Coh(XΛ(Ω)), and thus all microlocal sheaves µSh
♦
Λ (Ω) as ind-coherent sheaves
IndCoh(XΛ(Ω)). In line with the results of [5], Theorem 1.6 says we can compatibly think of tra-
ditional microlocal sheaves µShΛ(Ω) as perfect complexes with proper support Perfprop(XΛ(Ω)).
Let us further extend the analogy to the natural functoriality in the conic open subspace
Ω ⊂ T ∗Z and support Lagrangian Λ ⊂ T ∗Z. To an open inclusion Ω′ ⊂ Ω, and closed
embedding Λ ⊂ Λ′, we can think of assigning a correspondence
XΛ(Ω) Y
poo q // XΛ′(Ω′)
where p is proper and Gorenstein, and q is smooth. Then we can think of the natural functors
µShwΛ′(Ω
′)→ µShwΛ(Ω) and µShΛ(Ω)→ µShΛ′(Ω
′) as corresponding respectively to functors
p∗q
∗ : Coh(XΛ′(Ω
′)) // Coh(XΛ(Ω)) q∗p! : Perfprop(XΛ(Ω)) // Perfprop(XΛ′(Ω′))
Note that these are the restrictions of adjoint functors on all ind-coherent sheaves.
Remark 1.8. While objects of µShwΛ(Ω) similarly give functionals on µShΛ(Ω)
op, it is not true
that they produce all possible functionals. For example, take Z = T 1 to be the circle, Λ = T 1
the zero-section, and Ω = T ∗T 1 the entire cotangent bundle. Then we have equivalences
µShT 1(T
∗T 1) ≃ Perfprop(Gm) µSh
w
T 1(T
∗T 1) ≃ Coh(Gm)
and by [5], the hom-pairing gives an equivalence
Perfprop(Gm)
∼ // Funex(Coh(Gm)op,Perfk)
compatibly with Theorem 1.6. But clearly there are more functionals on Perfprop(Gm) than
those coming from Coh(Gm) alone. For example, one could take the hom-pairing with a direct
sum of skyscraper sheaves at infinitely many points.
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The proof we give of Theorem 1.6 is an application of the theory of arboreal singularities de-
veloped in [22, 23]. Let us sketch the argument here. First, by abstract formalism, it suffices to
prove the theorem locally in Λ, so we may focus on the germ of Λ at a point. Then applying [23],
we may non-characteristically deform the germ of Λ to a nearby conic Lagrangian subvariety
Λarb with arboreal singularities. Thus microlocal sheaves along the germ are equivalent to mi-
crolocal sheaves along Λarb . Once again, by abstract formalism, it suffices to prove the theorem
locally in Λarb , so we may focus further on the germ of Λarb at a point. Now applying [22], we
find that large microlocal sheaves on the germ of Λarb are equivalent to modules over a directed
tree T . Here the perfect and coherent modules coincide, and form a smooth and proper dg
category, and thus the assertion of the theorem holds.
1.2. Mirror symmetry for pairs of pants. Now let us turn to a concrete application in the
setting of homological mirror symmetry. We will introduce natural skeleta within pairs of pants
and calculate wrapped microlocal sheaves supported along them. We can not immediately
invoke the preceding theory since pairs of pants are not conic open subspaces of cotangent
bundles. Thus we will first pass to the symplectification of the contactification of neighborhoods
of their skeleta and identify these with conic open subspaces of cotangent bundles. Since
wrapped microlocal sheaves are invariant under this modification, it provides a natural avenue
to the preceding theory.
Let Pn+1
C
= ProjC[z0, . . . , zn+1] be complex projective space, and T
n+1
C
⊂ Pn+1
C
the complex
torus complementary to the coordinate hyperplanesHa = {za = 0} ⊂ P
n+1
C
, for a = 0, . . . , n+1.
By the n-dimensional pair of pants, we will mean the smooth affine variety
Pn = {1 + z1 + · · ·+ zn+1 = 0} ⊂ T
n+1
C
or equivalently but more symmetrically, the open complement of n+ 2 hyperplanes in general
position in an n-dimensional projective space
Pn = H \ (
⋃n+1
a=0 H ∩Ha) H = {z0 + · · ·+ zn+1 = 0} ≃ P
n
C
Note that the symmetric group Σn+2 naturally acts on Pn by permuting the homogeneous
coordinates. Since Pn is a smooth affine variety, it is naturally a Stein manifold and hence a
Liouville manifold, and we will be interested in this latter structure.
Following Mikhalkin [19], we will work with the pair of pants in a slightly modified form
where we alter its embedding near infinity. This modified form is particularly suited to gluing
constructions, and our results have natural extensions to smooth toric hypersurfaces (see Re-
mark 1.14 below for a brief discussion). By the n-dimensional tailored pair of pants. we will
mean the Liouville manifold Qn ⊂ T
n+1
C
constructed in [19, Proposition 4.6] under the name
“localized” pair of pants, and recalled in Section 5.2 below. It is isotopic to the usual pair of
pants Pn ⊂ T
n+1
C
, and enjoys the same permutation symmetries, but near infinity the ends
of Qn have a technically useful conic structure compatible with that of T
n+1
C
.
The mirror of the pair of pants is the Landau-Ginzburg B-model with background An+2 and
superpotential the product of the coordinates
Wn+2 : A
n+2 // A1 Wn+2 = z1 · · · zn+2
We will establish a homological mirror equivalence taking the A-model in the form of wrapped
microlocal sheaves along a natural skeleton Ln ⊂ Qn, and the Landau-Ginzburg B-model in its
guise as matrix factorizations. The matching of a distinguished compact A-brane on the pair
of pants with the skyscraper B-brane at the origin of An+2 was accomplished by Sheridan [32],
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building on the groundbreaking case n = 1 of Seidel [31]. Going beyond compact A-branes, a
mirror equivalence in the case n = 1 was a main result of the collaboration [2].
To construct the skeleton Ln ⊂ Qn, we will break symmetry as follows. (See Remark 1.14
below for a brief discussion of forthcoming work returning full symmetry to the picture.) In-
troduce the compact torus T n+1 ⊂ T n+1
C
, and the moment map for its natural Hamiltonian
translation action
Logn+1 : T
n+1
C
// Rn+1 Logn+1(z1, . . . , zn+1) = (log |z1|, . . . , log |zn+1|)
The amoeba Logn+1(Qn) ⊂ R
n+1 retracts onto its tropical spine, and its complement consists
of the disjoint union of n + 2 open contractible domains. Fix a point xℓ = (−ℓ, . . . ,−ℓ) ∈
Rn+1 \ Logn+1(Qn) sufficiently far from the amoeba, and consider the Liouville form
βQn =
∑n+1
a=1(ξa + ℓ)dθa|Qn
expressed in polar coordinates za = e
ξa+iθa , for a = 1, . . . , n+ 1. The corresponding Liouville
vector field is gradient-like for the Morse-Bott function given by the squared-distance
|Logn+1−xℓ|
2 : Qn // R
We will work with the skeleton Ln ⊂ Qn given by the union of stable manifolds for the
resulting Liouville flow. All of the above constructions including the skeleton Ln ⊂ Qn are
invariant under the subgroup Σn+1 ⊂ Σn+2 permuting the coordinates of T
n+1
C
and fixing the
0th homogeneous coordinate of Pn+1
C
. To describe the geometry of a neighborhood of Ln ⊂ Qn,
let us outline some further constructions.
Let T 1∆ ⊂ T
n+1 be the diagonal compact torus, and introduce the quotient Tn ≃ T n+1/T 1∆.
For any χ ∈ R, we have a Hamiltonian reduction correspondence
T ∗T n+1 µ−1∆ (χ)
? _
qχoo pχ // // T ∗Tn
where µ∆ : T
∗T n+1 → R is the moment map for the natural T 1∆-action by translations. In
particular, when χ = 0, we recover the usual Hamiltonian reduction correspondence
T ∗T n+1 T ∗
T 1
∆
T n+1?
_qoo p // // T ∗Tn
Introduce the conic Lagrangian subvariety
Λ1 = {(θ, 0) | θ ∈ T 1} ∪ {(0, ξ) | ξ ∈ R≥0} ⊂ T 1 × R ≃ T ∗T 1
and the product conic Lagrangian subvariety
Λn+1 = (Λ1)
n+1 ⊂ (T ∗T 1)n+1 ≃ T ∗T n+1
For χ > 0, define the Lagrangian subvariety
Ln = pχ(q
−1
χ (Λn+1) ⊂ T
∗Tn
Let t∗n = {
∑n+1
a=1 ξa = 0} ⊂ R
n+1 be the dual of the Lie algebra of Tn. Under the natural
moment projection
T ∗Tn ≃ Tn × t∗n // t
∗
n
the image of Ln ⊂ T ∗Tn is a closed simplex Ξn ⊂ Rn, and we have a simple combinatorial
description
Ln =
⋃
I T
I × ΞI ⊂ Tn × t∗n ≃ T
∗Tn
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where each proper subset I ⊂ {1, . . . , n + 1} naturally indexes a relatively open subsimplex
ΞI ⊂ Ξn and an orthogonal subtorus TI ⊂ Tn.
Now we can describe the geometry of a neighborhood of the skeleton Ln ⊂ Qn.
Theorem 1.9 (Theorem 5.13 below). Fix χ > 0. There is an open neighborhood Un ⊂ Qn of the
skeleton Ln ⊂ Qn, an open neighborhood Un ⊂ T ∗Tn of the Lagrangian subvariety Ln ⊂ T ∗Tn,
and a symplectomorphism
j : Un
∼ // Un
restricting to an isomorphism
j|Ln : Ln
∼ // Ln
Now let us turn to wrapped microlocal sheaves on the tailored pair of pants Qn supported
along the skeleton Ln. Thanks to Theorem 1.9, we may equivalently study wrapped microlocal
sheaves on the cotangent bundle T ∗Tn supported along the Lagrangian subvariety Ln. But we
must be careful: under Theorem 1.9, the Liouville form on Qn does not match the canonical
Liouville form on T ∗Tn. In particular, while the skeleton Ln is exact, the Lagrangian subvariety
Ln is not exact much less conic. We must take take one further step to transport the exact
symplectic geometry of Qn into that of a cotangent bundle. To achieve this, we will take
advantage of the basic fact that microlocal sheaves are invariant under the operation of forming
the symplectification of the contactification and lifting support Lagrangians.
On the one hand, let us form the circular contactification Qn × T 1, and then its symplecti-
fication Q˜n = Qn × T 1 × R, with their natural projections
Q˜n = Qn × T 1 × R
s // Qn × T 1
c // Qn
The skeleton Ln ⊂ Qn lifts under c to the Legendrian subvariety Ln × {0} ⊂ Qn × S1, and we
can take its inverse-image under s to obtain a conic Lagrangian subvariety
L˜n = s
−1(Ln × {0}) ⊂ Q˜n
On the other hand, introduce the conic open subspace
Ωn+1 = µ
−1
∆ (R>0) = {
∑n+1
a=1 ξa > 0} ⊂ T
∗T n+1
and recall the conic Lagrangian subvariety Λn+1 ⊂ T ∗T n+1.
Then Theorem 1.9 lifts to the following.
Theorem 1.10 (Therorem 5.23 below). Fix χ = n + 1. There is a conic open neighborhood
U˜n ⊂ Q˜n of the Lagrangian subvariety L˜n ⊂ Q˜n, a conic open neigborhood Υn+1 ⊂ Ωn+1 of the
intersection Λn+1 ∩ Ωn+1, and an exact symplectomorphism
˜ : U˜n
∼ // Υn+1
restricting to an isomorphism
˜|L˜n : L˜n
∼ // Λn+1 ∩Ωn+1
Now we can access wrapped microlocal sheaves by passing to the conic open subspace Υn+1
and support Lagrangian Λn+1. Note that the precise shape of Υn+1 is not important, and we
may indeed replace it with the more explicit Ωn+1. Since wrapped microlocal sheaves along
Λn+1 form a cosheaf along Λn+1, and Υn+1 is a conic open neighborhood of Λn+1∩Ωn+1, their
evaluation over Υn+1 is equal to their evaluation over Ωn+1.
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Ansatz 1.11. Set the dg category µShwLn(Qn) of wrapped microlocal sheaves on the tailored
pair of pants Qn supported along the skeleton Ln to be that of wrapped microlocal sheaves on
Ωn+1 supported along Λn+1 in the sense of Definition 1.3.
Remark 1.12. Following established patterns in the subject (for example [13, 15, 29]), we
expect it is possible to develop a general definition of a Z/2-dg category of wrapped microlocal
sheaves on an exact symplectic manifold M supported along an exact Lagrangian L. Roughly
speaking, one should pass to the symplectification of the contactification of M , choose local
identifications of it with conic open subspaces of cotangent bundles, and then glue together local
dg categories of wrapped microlocal sheaves using the theory of contact transformations. (It
is possible the technical demands of such a construction are already available in the literature,
but we have not attempted to thoroughly understand the state of the art.)
In the relatively simple case of symplectic surfaces, we directly check the required invariance
of wrapped microlocal sheaves under such choices of local identifications and thus establish a
general definition (see Section 1.3 below). In higher dimensions, we will not pursue the details of
a general definition here, but focus on the situation of Ansatz 1.11 where the symplectification
of the contactification ofM is itself a conic open subspace Ω of a cotangent bundle. In this case,
any general definition of wrapped microlocal sheaves on M will agree with wrapped microlocal
sheaves on Ω in the sense of Definition 1.3. (For a basic example of this consistency, see
Remark 1.21 below.)
Finally, to calculate the dg category µShwLn(Qn) of wrapped microlocal sheaves, we proceed
as follows. We begin by verifying the elementary mirror equivalence
µShwΛ1(T
∗T 1) ≃ Coh(A1)
along with straightforward analogues of it in higher dimensions. Here already is an instance
where the wrapped theory, as opposed to the traditional, can be appreciated for providing an
object mirror to the structure sheaf of the non-proper variety A1. Then we invoke that wrapped
microlocal sheaves form a cosheaf to reduce their global calculation to the colimit of a diagram
of such building blocks. Finally, we match this diagram with a natural descent diagram whose
colimit calculates matrix factorizations.
We arrive at the anticipated mirror equivalence.
Theorem 1.13 (Corollary 5.28 below). There is an equivalence of Z/2-dg categories
µShwLn(Qn)Z/2 ≃ MF(A
n+2,Wn+2)
between the underlying Z/2-dg category of wrapped microlocal sheaves on the tailored pair of
pants Qn supported along the skeleton Ln, and that of matrix factorizations for the superpoten-
tial Wn+2 = z1 · · · zn+2 : An+2 → A1.
Remark 1.14. The invariance of microlocal sheaves under mutations of support Lagrangians
is an important general question. Let us briefly mention how it plays a prominent role in gluing
together microlocal sheaves on copies of Qn into microlocal sheaves on smooth toric hyper-
surfaces. First, by applying elements of the symmetric group Σn+2 to the initial skeleton Ln,
one obtains a collection of alternative skeleta with analogous structure. Each of these skeleta
is well suited to gluings of Qn in different directions along its ends. To pursue such gluings
simultaneously, we must understand an interpolating family of support Lagrangians, and verify
the invariance of microlocal sheaves as we move in the family.
In forthcoming work [26], we construct such a family and verify the sought-after invariance.
The symmetric group Σn+2 naturally acts on the family, and in particular preserves its central
10 DAVID NADLER
member L0n. As a topological space, we can obtain L
0
n from the boundary of the (n + 1)-
dimensional permutohedron by the equivalence relation determined by its tessellation of Rn+1.
For example, for n = 1, it is obtained by from the boundary of a hexagon by identifying its
opposite sides. Moreover, the singularities of L0n are arboreal in the sense of [22, 23], and
consequently wrapped microlocal sheaves supported along L0n admit a simple combinatorial
description. Combined with the results of [19] and this paper, one arrives at a satisfying mirror
description of microlocal sheaves on smooth toric hypersurfaces.
1.3. Microlocal sheaves on surfaces. To provide a collection of simple additional examples,
we also study microlocal sheaves on exact symplectic surfaces Σ. We prove they are equivalent
to well-known combinatorial constructions (found for example in [8, 12, 21]), and in particular
depend only on the induced orientation of Σ.
Fix an exact Lagrangian skeleton Γ ⊂ Σ which we may regard as a locally finite embedded
graph. Our constructions will depend only upon Σ in a small neighborhood of Γ.
We introduce Z/2-dg categories µShΓ(Σ), µSh
w
Γ (Σ) of respective traditional and wrapped
microlocal sheaves on the surface Σ supported along Γ. They are the global sections of a respec-
tive sheaf and cosheaf µShΓ, µSh
w
Γ supported along Γ, similarly to the structure of traditional
and wrapped microlocal sheaves on conic open subspaces of a cotangent bundle discussed above.
In particular, they may be calculated as the respective limit and colimit of their sections over
small open balls. Over small open balls, their sections are given by passing to the symplecti-
fication of the contactification, choosing a local identification with a conic open subspace of a
cotangent bundle, and then taking traditional and wrapped microlocal sheaves there. To insure
this makes sense, we check their required invariance under such choices of local identifications
(see Lemma 4.3 below). This is particularly simple here for surfaces where the moduli of such
choices essentially reduces to a circle.
To calculate the Z/2-dg categories µShΓ(Σ), µSh
w
Γ (Σ), we compare them with simple com-
binatorial models.
First, the exact Lagrangian skeleton Γ ⊂ Σ carries a natural constructible cosheaf O of
cyclically ordered finite sets whose stalk at a point x ∈ Γ comprises the components
Ox = π0((Σ \ Γ) ∩Bx)
where Bx ⊂ Σ is a small open ball around x, and Ox inherits a cyclic ordering from the
orientation of Σ.
Let Λ denote the cyclic category, and Z/2 - dgstk the ∞-category of small stable Z/2-dg
categories. By the results of [8, 21], there is a functor
Cst : Λ
op // Z/2 - dgstk
that assigns to the standard cycle Λn = {1 → 2 → · · · → n → n + 1 → 1} ∈ Λop a Z/2-dg
category equivalent to perfect Z/2-dg modules over the An-quiver
Cst(Λn) ≃ (An - Perfk)Z/2
Passing to left adjoints, we obtain an additional functor of opposite variance
Cwst : Λ // Z/2 - dgstk
Introduce the respective composite sheaf and cosheaf FΓ = Cst ◦ O, FwΓ = C
w
st ◦ O, and form
their respective global sections
FΓ(Σ) = limΓ FΓ FwΓ (Σ) = colimΓ F
w
Γ
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Theorem 1.15 (Theorem 4.5 below). There are canonical equivalences of Z/2-dg categories
FΓ(Σ)
∼ // µShΓ(Σ) FwΓ (Σ)
∼ // µShwΓ (Σ)
Corollary 1.16 (Corollary 4.6 below). The Z/2-dg categories µShΓ(Σ), µSh
w
Γ (Σ), only depend
on the exact symplectic structure on Σ through the orientation it defines.
Remark 1.17. Suppose we restrict to compact Lagrangian skeleta, or more generally, La-
grangian skeleta with fixed structure near the circular ends of Σ. Then Dyckerhoff-Kapranov [8]
have explained that the the Z/2-dg categories FΓ(Σ), FwΓ (Σ) are canonically independent of
the specific choice of skeleton. They provide invariants of the oriented surface Σ equipped with
a finite subset of its circular ends.
The proof of Theorem 1.15 is local in the following sense. As mentioned above, there is a
respective sheaf and cosheaf µShwΓ , µSh
w
Γ supported along Γ, and canonical restriction equiva-
lences of Z/2-dg categories
µShΓ(Σ) ≃ limΓ µShΓ µSh
w
Γ (Σ) ≃ colimΓ µSh
w
Γ
We show there are canonical equivalences of respective sheaves and cosheaves
FΓ
∼ // µShΓ FwΓ
∼ // µShwΓ
thus implying the equivalences of Theorem 1.15. Moreover, this provides a combinatorial model
for calculating µShΓ, µSh
w
Γ .
We also obtain a simple proof of the following analogue of Theorem 1.6. One could compare
with the result of [12] classifying objects of FwΓ (Σ) in terms of compact immersed curves in Σ
equipped with local systems.
Corollary 1.18 (Corollary 4.8 below). The natural hom-pairing provides an equivalence
µShΓ(Σ)
∼ // Funex(µShwΓ (Σ)
op,Perfk)
Remark 1.19. For the choice of a bicanonical trivialization of Σ, it is possible to lift the above
theory from Z/2-dg categories to dg categories. On the one hand, the contact transformations
providing the local invariance of the respective sheaf and cosheaf µShΓ, µSh
w
Γ will no longer
have a “metaplectic anomaly” requiring the trivialization of the shift [2]. On the other hand,
the combinatorial functors Cst, Cwst, and hence the respective sheaf and cosheaf F
w
Γ , FΓ will lift
to dg categories. Finally, the proof of Theorem 1.15 can be repeated to give an equivalence of
dg categories of global sections for these respective lifts.
As a concrete example, we describe traditional and wrapped microlocal sheaves on the n-
punctured sphere Σn = S
2\{n points}, for n ≥ 2, with respect to a natural compact Lagrangian
skeleton Γn ⊂ Σn. To state the answer, for n = 2, set Q2 = Gm, and for n ≥ 3, set
Qn = A
1 ∪pt P1 ∪pt P1 · · · ∪pt P1 ∪pt A1
with n− 3 copies of P1, and where the inclusions of pt = Spec k into each copy of P1 from the
left and right have distinct images.
Then we have the following version of the results of [2], but with the B-side given in the
form of coherent sheaves rather than matrix factorizations.
Theorem 1.20 (Theorem 4.10 below). There are mirror equivalences of Z/2-dg categories
µShΓn(Σn) // Perfprop(Qn)Z/2 µSh
w
Γn(Σn)
∼ // Coh(Qn)Z/2
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Remark 1.21. Theorems 1.13 and 1.20 overlap when we take the one-dimensional pair of pants
P1 and the thrice-punctured sphere Σ3.
On the B-side, the statements are related by a natural Z/2-dg equivalence
Coh(Q3)Z/2
∼ // MF(A3,W3)
found in Proposition 2.3 below.
On the A-side, they are related by a natural Z/2-dg equivalence
µShwΓ3(Σ3)
∼ // µShwL1(P1)
Here the left hand side is defined by covering Σ3 by open balls equivalent to conic open subspaces
of a cotangent bundle and gluing local dg categories of microlocal sheaves. The right hand side is
defined by realizing P1 as a Hamiltonian reduction of a single conic open subspace of a cotangent
bundle and taking its dg category of microlocal sheaves. In both cases, their calculation reduces
to the property that they complete the diagram of Z/2-dg categories
Coh({0})Z/2

// Coh(A1)Z/2
Coh(A1)Z/2
to a pushout square, where the maps of the diagram are given by the evident pushforwards
along the inclusion Spec k = {0} → A1.
1.4. Acknowledgements. I thank D. Auroux, D. Ben-Zvi, K. Cieliebak, Y. Eliashberg, D.
Gaistgory, N. Sheridan, D. Treumann, Z. Yun, and E. Zaslow for their interest, encouragement,
and valuable comments. I am particularly indebted to S. Ganatra for suggesting the viewpoint
of the amoeba, and pointing me toward Mikhalkin’s construction of “tailored pairs of pants”.
I am grateful to the NSF for the support of grant DMS-1502178.
2. Landau-Ginzburg B-model
This primary aim of this section is to present the Landau-Ginzburg B-model with back-
ground An+2 and superpotential Wn+1 = z1, . . . , zn+1 in a form suited to match our A-model
calculations.
2.1. Preliminaries. Fix a characteristic zero algebraically closed field k.
By a dg category C, we will always mean a stable differential Z-graded category. The mor-
phisms HomC(c1, c2), for c1, c2 ∈ C, form Z-graded cochain complexes, and we have the shift
functors [n], for n ∈ Z.
By a 2-periodic dg category C, we will mean a stable differential Z-graded category such that
the shift functor [2] is equivalent to the identity. The morphisms HomC(c1, c2), for c1, c2 ∈ C,
continue to form Z-graded cochain complexes, though they are invariant under even shifts.
By a Z/2-dg category, we will always mean a stable differential Z/2-graded category. The
morphisms HomC(c1, c2), for c1, c2 ∈ C, form Z/2-graded cochain complexes, and the shift [2]
is equivalent to the identity.
To any dg category C, we can assign a Z/2-dg category CZ/2 by taking the same objects and
only remembering the underlying Z/2-grading on morphism complexes
Hom0CZ/2(c1, c2) = ⊕n∈ZHom
2n
C (c1, c2) Hom
1
CZ/2
(c1, c2) = ⊕n∈ZHom
2n+1
C (c1, c2)
We will refer to CZ/2 as the folding of C.
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To any Z/2-dg category C, we can assign a 2-periodic dg category C2Z by taking the same
objects and taking the morphism complexes
HomnC2Z(c1, c2) = Hom
n
C(c1, c2) n ∈ Z, n ∈ Z/2
We will refer to C2Z as the unfurling of C. This provides an equivalence between 2-periodic and
Z/2-dg categories, and we will go back and forth between them without much comment.
2.2. Matrix factorizations. Consider the background M = SpecA, with A = k[z1, . . . , zn],
and a superpotential W ∈ A such that 0 ∈ A1 is its only possible critical value.
Introduce the special fiber X =W−1(0) = SpecB, with B = A/(W ).
Let Perf(X) be the dg category of perfect complexes on X , and Coh(X) the dg category of
bounded coherent complexes of sheaves on X .
Let Dsing (X) = Coh(X)/Perf(X) be the 2-periodic dg quotient category of singularities.
Let MF(M,W ) be the Z/2-dg category of matrix factorizations. Its objects are pairs (V, d)
of a Z/2-graded free A-module V of finite rank equipped with an odd endomorphism d such
that d2 = W id. Thus we have V = V 0 ⊕ V 1, d = (d0, d1) ∈ Hom(V 0, V 1) ⊕ Hom(V 1, V 0),
and d2 = (d1d0, d0d1) = (W id,W id) ∈ Hom(V 0, V 0)⊕Hom(V 1, V 1). We denote the data of a
matrix factorization by a diagram
V 0
d0 // V 1
d1 // V 0
Let MF(M,W )2Z denote the unfurling of MF(M,W ). Then thanks to Orlov [28], there is
an equivalence of 2-periodic dg categories
MF(M,W )2Z
∼ // Dsing(X) (V = V 0 ⊕ V 1, d = (d0, d1))
✤ // coker(d1)
2.3. Coordinate hyperplanes. For n ∈ N, set [n] = {1, . . . , n}.
We will focus on the background An+1 = SpecA, with An+1 = k[za | a ∈ [n + 1]], and the
superpotential
Wn+1 = z1 · · · zn+1 ∈ An+1
Introduce the union of coordinate hyperplanes
Xn =W
−1
n+1(0) = SpecBn
where we set Bn = An+1/(W ).
It will also be convenient to set W an+1 =Wn+1/za ∈ A, for a ∈ [n+ 1].
For a ∈ [n + 1], let Xan = SpecA/(za) ⊂ Xn denote the coordinate hyperplane, and O
a
n its
structure sheaf. As an object of Perf(An+1), it admits the free resolution
An+1
za // An+1 // Oan
and as an object of Coh(Xn), it admits the infinite resolution
· · ·
Wan+1 // Bn
za // Bn
Wan+1 // Bn
za // Bn // Oan
For a ∈ [n+ 1], let Oan ∈ MF(A
n+1,Wn+1) denote the matrix factorization
An+1
Wan+1 // An+1
za // An+1
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Proposition 2.1. The Z/2-dg category MF(An+1,Wn+1) is split-generated by the collection of
objects Oan, for a ∈ [n]. There are equivalences of Z/2-graded k-modules
H∗(Hom(Oan,O
a
n)) ≃ An+1/(za,W
a
n+1) a ∈ [n+ 1]
H∗(Hom(Oan,O
b
n)) = An+1/(za, zb)[−1] a 6= b ∈ [n+ 1]
Proof. The collection of objects Oan, for a ∈ [n + 1], generates Coh(Xn), and O
n+1
n is in the
triangulated envelope of the collection of objects Oa, for a ∈ [n], hence the collection of objects
Oan, for a ∈ [n], generates MF(A
n+1,Wn+1). The cohomology of morphism complexes is a
straightforward calculation. 
Next, let us reduce the dimension by one, and consider the space An = SpecAn, with
An = k[za | a ∈ [n]], and the function
Wn = z1 · · · zn ∈ An
Introduce the union of coordinate hyperplanes
Xn−1 =W
−1
n (0) = SpecBn−1
where we set Bn−1 = An/(Wn).
It will also be convenient to set W an =Wn/za ∈ An, for a ∈ [n].
For a ∈ [n], let Xan−1 = SpecAn/(za) denote the coordinate hyperplane, and O
a
n−1 its
structure sheaf. As an object of Perf(An), it admits the resolution
An
za // An // Oan−1
and as an object of Coh(Xn−1), it admits the infinite resolution
· · ·
Wan // Bn−1
za // Bn−1
Wan // Bn−1
za // Bn−1 // Oan−1
Proposition 2.2. Let u be a variable of cohomological degree 2.
The dg category Coh(Xn−1) is generated by the collection of objects Oan−1, for a ∈ [n]. There
are equivalences of Z-graded k-modules
H∗(Hom(Oan−1,O
a
n−1)) ≃ An[u]/(za, uW
a
n ) a ∈ [n]
H∗(Hom(Oan−1,O
b
n−1)) = An[u]/(za, zb)[−1] a 6= b ∈ [n]
Proof. The collection of objects Oan−1, for a ∈ [n], clearly generates, and the cohomology of
morphism complexes is a straightforward calculation. 
Now let us consider the natural coordinate projection
π : Xn // Xn−1
Recall that we write Coh(Xn−1)Z/2 for the folding of Coh(Xn−1).
Proposition 2.3. The pullback of coherent sheaves
π∗ : Coh(Xn−1) // Coh(Xn)
induces an equivalence of Z/2-dg categories
Coh(Xn−1)Z/2
∼ // MF(An+1,Wn+1)
such that Oan−1 maps to O
a
n, for a ∈ [n], and such that u maps to zn+1.
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Proof. The pullback π∗ induces a functor via passage to Dsing(Xn). By the first assertion of
Proposition 2.1, it is essentially surjective. Thus it suffices to check it is an isomorphism on the
cohomology of the morphism complexes of the generating collection of Proposition 2.2. This is
a straightforward calculation using Propositions 2.1 and 2.2. 
2.4. Descent description. We will collect here useful descent statements proved in [11] in the
setting of stable dg categories [10]. They are specializations of analogous statements possible
in the setting of stable ∞-categories [16, 17].
Let dgstk be the ∞-category of k-linear small stable dg categories with exact functors.
Let dgStk be the ∞-category of k-linear cocomplete dg categories with continuous functors.
Let dgStck be the not full ∞-subcategory of dgSt
c
k of k-linear cocomplete dg categories with
functors those that preserve compact objects. Taking ind-categories provides an equivalence
Ind : dgstk
∼ // dgStck
and taking compact objects provides an inverse equivalence
κ : dgStck
∼ // dgstk
Let Xk denote the category of affine lci k-schemes and closed embeddings. (We work in this
setting for concreteness but far more generality is possible.)
Passing to coherent sheaves and pushforwards provides a functor
Coh∗ : Xk // dgstk
Passing to perfect complexes and ∗-pullbacks provides a functor
Perf∗ : Xopk
// dgstk
and similarly for perfect complexes with proper support
Perf∗prop : X
op
k
// dgstk
since morphisms of Xk are closed embeddings.
Passing to ind-coherent sheaves and pushforwards provides a functor
IndCoh∗ : Xk // dgSt
c
k
Passing to quasi-coherent sheaves and ∗-pullbacks provides a functor
QCoh∗ ≃ IndPerf∗ : Xopk
// dgStck
Passing to ind-coherent sheaves and ∗-pullbacks or !-pullbacks provide respective functors
IndCoh∗ : Xopk
// dgStk IndCoh
! : Xopk
// dgStk
Tensoring with the dualizing complex provides a natural intertwining equivalence
⊗ω : IndCoh∗
∼ // IndCoh!
Now let us quote the folllowing result of Gaitsgory-Rozenblyum [11] and then note the further
assertions it implies.
Theorem 2.4 (Theorem A.1.2 of Chapter IV.4 of [11]). A pushout square in Xk is taken to a
pullback square by IndCoh!.
Corollary 2.5. A pushout square in Xk is taken to a pushout square by Coh∗ and IndCoh∗,
and a pullback square by Perf∗, Perf∗prop, and IndCoh
∗.
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Proof. The intertwining equivalence IndCoh∗ ≃ IndCoh! implies the assertion for IndCoh∗.
The full embeddings Perf∗prop ⊂ Perf
∗ ⊂ IndCoh∗, and the fact that perfect complexes are
locally characterized, implies the assertions for Perf∗prop and Perf.
The pullback square for IndCoh! is equivalently calculated in the ∞-category dgStRk of k-
linear cocomplete dg categories with right adjoints. Passing to left adjoints, gives an equivalence
(dgStRk )
op ∼ // dgStk
and thus implies the pushout square for for IndCoh∗.
The fact that Ind preserves colimit diagrams, and conversely, taking compact objects pre-
serves colimit diagrams with quasi-compact morphisms, implies the assertion for Coh∗. 
Remark 2.6. Let i1 = i2 : Spec k = {0} → A1 be the inclusion of the origin. It is not true
that the pushout square
{0}
i1

i2 // A1
i˜1

A1
i˜2 // A1 ∪{0} A
1
is taken to a pullback square by QCoh∗. The restrictions i∗1, i
∗
2 : QCoh(A
1) → QCoh({0})
preserve limits, so the natural maps from the pullback to each QCoh(A1) must also preserve
limits. But the restrictions i˜∗1, i˜
∗
2 : QCoh(A
1 ∪{0} A
1)→ QCoh(A1) do not preserve limits.
Now let us specialize to our situations of interest.
Let us return to the space An = SpecAn, with An = k[za | a ∈ [n]], and the function
Wn = z1 · · · zn ∈ An
Recall the union of coordinate hyperplanes
Xn−1 =W
−1
n (0) = SpecBn−1
where we set Bn−1 = An/(Wn).
Let I◦n denote the poset of proper subsets I ⊂ [n] under inclusions. For I ∈ I
◦
n, consider the
corresponding coordinate subspace
XI = SpecAn/(za | a 6∈ I)
We have a colimit diagram of closed embeddings
(2.1) colimI∈I◦n XI
∼ // Xn−1
Proposition 2.7. The colimit diagram (2.1) is taken to a colimit diagram by Coh∗ and
IndCoh∗, and a limit diagram by Perf
∗, Perf∗prop, IndCoh
!, and IndCoh∗.
Proof. For I ∈ I◦n−1, we have XI = (XI ∩ {zn = 0}) × A
1
zn , and a colimit diagram of closed
embeddings
colimI∈I◦n−1 XI ≃ (colimI∈I◦n−1(XI ∩ {zn = 0}))× A
1
zn
∼ // Xn−2 × A1zn
Similarly, for I ∈ I◦n−1, we have XI∪{zn} = (XI ∩{zn = 0}), and a colimit diagram of closed
embeddings
colimI∈I◦n−1 XI∪{zn} ≃ colimI∈I◦n−1 XI ∩ {zn = 0})
∼ // Xn−2
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By induction, we may reduce from proving the assertions for the colimit diagram (2.1) to
the pushout square of closed embeddings
Xn−2 × {zn = 0}

// Xn−2 × A1zn

An−1 × {zn = 0} // Xn−1
Now the assertions follow immediately from Theorem 2.4 and Corollary 2.5. 
Finally, let us record another specific example of such descent.
Consider the iterated pushout
(2.2) Qm = A
1 ∪pt P1 ∪pt P1 · · · ∪pt P1 ∪pt A1
with m copies of P1, and where the inclusions of pt = Spec k into each copy of P1 from the left
and right have distinct images.
By repeated applications of Theorem 2.4. and Corollary 2.5, we obtain the following.
Proposition 2.8. The iterated pushout (2.2) is taken to an iterated pushout by Coh∗ and
IndCoh∗, and an iterated pullback by Perf
∗, Perf∗prop, IndCoh
!, and IndCoh∗.
3. Microlocal A-model
3.1. Setup. Let Z be a real analytic manifold.
Consider the cotangent bundle and its spherical projectivization
π : T ∗Z // Z π∞ : S∞Z = (T ∗Z \ Z)/R>0 // Z
with their respective standard exact symplectic and contact structures.
For convenience, fix a Riemannian metric on Z, so that in particular we have an identification
with the unit cosphere bundle
S∞Z ≃ U∗Z ⊂ T ∗Z
We will often work with a closed conic Lagrangian subvariety and its Legendrian spherical
projectivization
Λ ⊂ T ∗Z Λ∞ = (Λ ∩ (T ∗Z \ Z))/R>0 ⊂ S∞Z
By the front projection of Λ∞, we will mean the image
Y = π∞(Λ∞) ⊂ Z
In the generic situation, the restriction
π∞|Λ∞ : Λ∞ // Y
is finite so that the front projection is a hypersurface.
We will also often fix S = {Zα}α∈A a Whitney stratification of Z such that Y ⊂ Z is a union
of strata. Hence we have inclusions
Λ ⊂ T ∗SZ =
∐
α∈A T
∗
Zα
Z Λ∞ ⊂ S∞S Z =
∐
α∈A S
∞
Zα
Z
into the union of conormal bundles to strata and their spherical projectivizations.
Given a Whitney stratification S = {Zα}α∈A, by a small open ball B ⊂ Z around a point
z ∈ Z, we will always mean an open ball B = B(r) ⊂ Z of a radius r > 0 such that the
corresponding spheres S(r′) ⊂ Z, for all 0 < r′ < r, are transverse to the strata of S.
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3.2. Sheaves. Fix a field k of characteristic zero.
Let Sh♦(Z) denote the dg category of all complexes of sheaves of k-vector spaces on Z such
that there exists a Whitney stratification S = {Zα}α∈A such that for each stratum Zα ⊂ Z,
the total cohomology sheaf of the restriction F|Zα is locally constant.
For a fixed Whitney stratification S = {Zα}α∈A, we denote by Sh
♦
S (Z) ⊂ Sh
♦(Z) the full dg
subcategory of objects F ∈ Sh♦(Z) such that for each stratum Zα ⊂ Z, the total cohomology
sheaf of the restriction F|Zα is locally constant.
Thus we have Sh♦(Z) = ∪SSh
♦
S (Z). Note that we do not impose any constraint on the rank
of the total cohomology sheaf in either of the above definitions.
Let Sh(Z) ⊂ Sh♦(Z) denote the full dg subcategory of constructible complexes of sheaves
of k-vector spaces on Z, or in other words, complexes of sheaves of k-vector spaces on Z such
that there exists a Whitney stratification S = {Zα}α∈A such that for each stratum Zα ⊂ Z,
the total cohomology sheaf of the restriction F|Zα is locally constant of finite rank.
For a fixed Whitney stratification S = {Zα}α∈A, we denote by ShS(Z) = Sh(Z)∩Sh
♦
S (Z) ⊂
Sh♦(Z) the full dg subcategory of S-constructible complexes, or in other words, complexes of
sheaves of k-vector spaces on Z such that for each stratum Zα ⊂ Z, the total cohomology sheaf
of the restriction F|Zα is locally constant of finite rank.
Thus we have Sh(Z) = ∪SShS(Z). These are the dg versions of traditional constructible
complexes.
We will abuse terminology and refer to objects of Sh♦(Z) as large constructible sheaves,
and objects of Sh(Z) as constructible sheaves. When U ⊂ Z is an open subset, we will abuse
notation and write Sh♦S (U) ⊂ Sh
♦(U), respectively ShS(U) ⊂ Sh(U), for large constructible
sheaves, respectively constructible sheaves, with respect to S ∩ U .
All functors between dg categories of sheaves will be derived in the dg sense, though the
notation may not explicitly reflect it. We will be careful when applying functors to large
constructible sheaves to work with continuous versions. For example, for a closed embedding
i : Y → Z, by the !-restriction i! : Sh♦(Z) → Sh♦(Y ), we will mean the shifted cone i! ≃
Cone(F → j∗j∗F)[−1] where j : U → Z is the inclusion of the open complement U = Z \ Y .
For a smooth map f : Y → Z, by the !-pullback f ! : Sh♦(Z)→ Sh♦(Y ), we will mean the twist
of the ∗-pullback f !F ≃ f∗F ⊗ ωf where ωf ≃ or f [dimY/Z] is the relative dualizing complex.
Example 3.1. For Z = pt a point, we have Sh♦(pt) ≃ Modk, the dg category of k-modules,
and Sh(pt) ≃ Perfk, the full dg subcategory of perfect k-modules.
More generally, for Z stratified by a single stratum S = {Z}, we have Sh♦S (Z) = Loc
♦(Z), the
dg category of locally constant complexes on Z, and ShS(Z) = Loc(Z), the full dg subcategory
of finite rank locally constant complexes on Z.
3.3. Singular support. Fix a point (z, ξ) ∈ T ∗Z.
Let B ⊂ Z be an open ball around z ∈ Z, and f : B → R a smooth function such that
f(z) = 0 and df |z = ξ. We will refer to f as a compatible test function.
Define the vanishing cycles functor
φf : Sh
♦(Z) // Mod
φf (F) = Γ{f≥0}(B,F|B) ≃ Cone(Γ(B,F|B)→ Γ({f < 0},F|{f<0}))[−1]
where we take B ⊂ Z sufficiently small. In other words, we take sections of F over the
ball B supported where f ≥ 0, or equivalently vanishing where f < 0. If we introduce the
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correspondences
B {f ≥ 0}
q+oo p+ // pt B {f ≤ 0}
q−oo p− // pt
then the vanishing cycles take the equivalent form as hyperbolic restrictions
φf (F) ≃ p+∗q
!
+(F|B) ≃ p−!q
∗
−(F|B)
To any object F ∈ Sh♦(Z), define its singular support
ss(F) ⊂ T ∗Z
to be the largest closed subset such that φf (F) ≃ 0, for any (z, ξ) ∈ T ∗Z \ ss(F), and any com-
patible test function f . Define its spherical singular support to be the spherical projectivization
ss∞(F) = (ss(F) \ (T ∗Z \ Z))/R>0 ⊂ S∞Z
The singular support is a closed conic Lagrangian subvariety, and the spherical singular support
is a closed Legendrian subvariety.
Example 3.2. Suppose i : U → Z is the inclusion of an open subspace whose closure is
a submanifold with boundary modeled on a Euclidean halfspace. Then the singular support
ss(i∗kU ) ⊂ T ∗Z of the standard extension i∗kU ∈ Sh(Z) consists of the union of U ⊂ Z and
the inward conormal codirection along the boundary ∂U ⊂ Z. More precisely, if near a point
z ∈ ∂U , we have U = {f > 0}, for a local coordinate f , then ss(i∗kU )|z is the closed ray
R≥0〈df |z〉.
More generally, suppose i : U → Z is the inclusion of an open subspace whose closure
is a submanifold with corners modeled on a Euclidean quadrant. Then the singular support
ss(i∗kU ) ⊂ T ∗Z consists of the inward conormal cone along the boundary ∂U ⊂ Z. More
precisely, if near a point z ∈ ∂U , we have U = {f1, . . . , fk > 0}, for local coordinates f1, . . . , fk,
then ss(i∗kU )|z is the closed cone R≥0〈df1|z , . . . , dfk|z〉.
For a conic Lagrangian subvariety Λ ⊂ T ∗Z, we write Sh♦Λ (Z) ⊂ Sh
♦(Z), respectively
ShΛ(Z) ⊂ Sh(Z) for the full dg subcategory of objects F ∈ Sh
♦(Z), respectively F ∈ Sh(Z),
with singular support satisfying ss(F) ⊂ Λ.
Given a Whitney stratification S, an inclusion Λ ⊂ T ∗SZ implies the full inclusions Sh
♦
Λ (Z) ⊂
Sh♦S (Z), ShΛ(Z) ⊂ ShS(Z), and more generally, an inclusion Λ ⊂ Λ
′ implies the full inclusions
Sh♦Λ (Z) ⊂ Sh
♦
Λ′(Z), ShΛ(Z) ⊂ ShΛ′ (Z).
When U ⊂ Z is an open subset, we will abuse notation and write Sh♦Λ (U) ⊂ Sh
♦(U),
respectively ShΛ(U) ⊂ Sh(U), for the full dg subcategory of objects F ∈ Sh
♦(U), respectively
F ∈ Sh(U), with singular support satisfying ss(F) ⊂ Λ ∩ π−1(U).
Example 3.3. For the zero-section Λ = Z ⊂ T ∗Z, and stratification S = {Z}, we have the
coincidences Sh♦Λ (Z) = Sh
♦
S (Z) ≃ Loc
♦(Z), ShΛ(Z) = ShS(Z) ≃ Loc(Z).
Remark 3.4. Let ωZ ≃ orZ [dimZ] ≃ p!kpt, for p : Z → pt, be the Verdier dualizing complex.
For a conic Lagrangian subvariety Λ ⊂ T ∗Z, and the antipodal conic Lagrangian subvariety
−Λ ⊂ T ∗Z, Verdier duality provides an involutive equivalence
DZ : ShΛ(Z)
op ∼ // Sh−Λ(Z) DZ(F) = Hom(F , ωZ)
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3.4. Microlocal sheaves. Let Λ ⊂ T ∗Z be a closed conic Lagrangian subvariety.
To a conic open subspace Ω ⊂ T ∗Z, let us introduce the dg category µSh♦Λ (Ω) of large
microlocal sheaves on Ω supported along Λ. To describe its construction, let us first mention
some of its formal properties.
Given an inclusion of conic open subspaces Ω′Z ⊂ Ω, there is a natural restriction func-
tor µSh♦Λ (Ω) → µSh
♦
Λ (ΩZ′). These assignments assemble into a sheaf µSh
♦
Λ of dg categories
supported along Λ. Furthermore, there exists a Whitney stratification of Λ such that the re-
striction of µSh♦Λ to each stratum is locally constant. Thus we can reconstruct µSh
♦
Λ from
the assignments µSh♦Λ (Ω) for small conic open neighborhoods Ω ⊂ T
∗Z of points (x, ξ) ∈ Λ.
Finally, given a closed embedding of conic Lagrangian subvarieties Λ′ ⊂ Λ, there is a natural
full embedding µSh♦Λ′ ⊂ µSh
♦
Λ of sheaves of dg categories.
All of the above facts follow from the local description of µSh♦Λ (Ω) which we now recall.
Note for a point (x, ξ) ∈ Λ there are two local cases to consider: either 1) ξ = 0 so that locally
Ω is the cotangent bundle T ∗B of a small open ball B ⊂ Z, or 2) ξ 6= 0 so that locally Ω is the
cone over a small open ball Ω∞ ⊂ S∞Z.
Case 1) For B = π(Ω), there is always a canonical functor Sh♦Λ (B) → µSh
♦
Λ (Ω), and when
Ω = T ∗B, this functor is in fact an equivalence
Sh♦Λ (B)
∼ // µSh♦Λ (T
∗B)
Case 2) Suppose Ω ⊂ T ∗Z is the cone over a small open ball Ω∞ ⊂ S∞Z.
Set B = π(Ω), and let Sh♦Λ (B,Ω) ⊂ Sh
♦(B) denote the full dg subcategory of objects
F ∈ Sh♦(B) with singular support satisfying ss(F)∩Ω ⊂ Λ. Then there is a natural equivalence
Sh♦Λ (B,Ω)/K
♦(B,Ω)
∼ // µSh♦Λ (Ω)
where K♦(B,Ω) ⊂ Sh♦Λ (B,Ω) denotes the full dg subcategory of objects F ∈ Sh
♦(B) with
singular support satisfying ss(F) ∩Ω = ∅.
It is possible to make this more concrete, and in particular avoid the appearance of a dg
quotient category. By applying a contact transformation, we may arrange to be in the generic
situation where the front projection
π∞|Λ∞ : Λ
∞ // Y
is finite so that Y = π∞(Λ∞) ⊂ Z is a hypersurface.
In this case, the natural functor Sh♦Λ (B)→ µSh
♦
Λ (Ω) induces an equivalence on the quotient
dg category
Sh♦Λ (B)/Loc
♦(B)
∼ // µSh♦Λ (Ω)
where Loc♦(B) ⊂ Sh♦(B) denotes the full dg subcategory of locally constant complexes, or in
other words complexes with singular support lying in the zero-section B ⊂ T ∗B.
Now introduce the respective full dg subcategories
Sh♦Λ (B)
0
∗ ⊂ Sh
♦
Λ (B) Sh
♦
Λ (B)
0
! ⊂ Sh
♦
Λ (B)
of complexes F ∈ Sh♦Λ (B) with no sections and no compactly-supported sections
Γ(B,F) ≃ 0 Γc(B,F) ≃ 0
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Then the natural functor Sh♦Λ (B)→ µSh
♦
Λ (Ω) restricts to equivalences
Sh♦Λ (B)
0
∗
∼ // µSh♦Λ (Ω) Sh
♦
Λ (B)
0
!
∼ // µSh♦Λ (Ω)
Remark 3.5. In fact, one can reduce Case 1) to Case 2) by passing to Z ′ = Z × R, Λ′ =
Λ× T ∗{0}R ⊂ T
∗Z × T ∗R ≃ T ∗Z ′, and ((z, 0), (0, 1)) ∈ T ∗Z × T ∗R ≃ T ∗Z ′ .
We similarly introduce the full dg subcategory µShΛ(Ω) ⊂ µSh
♦
Λ (Ω) of microlocal sheaves on
Ω supported along Λ. It is constructed as above but working with constructible sheaves rather
than large constructible sheaves. So for example, in case 2) above, if we denote by ShΛ(B,Ω) ⊂
Sh(B) the full dg subcategory of objects F ∈ Sh(B) with singular support satisfying ss(F)∩Ω ⊂
Λ, then there is a natural equivalence
ShΛ(B,Ω)/K(B,Ω)
∼ // µShΛ(Ω)
whereK(B,Ω) ⊂ ShΛ(B,Ω) denotes the full dg subcategory of objects F ∈ Sh(B) with singular
support satisfying ss(F) ∩ Ω = ∅.
The following analogous formal properties again follow directly from the constructions. The
dg category µShΛ(Ω) is the sections of a subsheaf µShΛ ⊂ µSh
♦
Λ of full dg subcategories
supported along Λ. Given a Whitney stratification of Λ such that the restriction of µSh♦Λ to
each stratum is locally constant, the restriction of µShΛ to each stratum will also be locally
constant. Finally, given a closed embedding of conic Lagrangian subvarieties Λ′ ⊂ Λ, the full
embedding µSh♦Λ′ ⊂ µSh
♦
Λ restricts to a full embedding µShΛ′ ⊂ µShΛ.
Example 3.6. Suppose Z = R. Inside of T ∗R ≃ R × R, introduce the conic Lagrangian
subvariety and conic open subspace
Λ = {(t, 0) | t ∈ R} ∪ {(0, η) | η ∈ R≥0} Ω = {(t, η) | t ∈ R, η ∈ R≥0}
Then there are canonical equivalences
Modk
∼ // Sh♦Λ (Z)
0
!
∼ // µSh♦Λ (Ω) V
✤ // j+∗p∗+V
induced by the correspondence
pt R<0
p+oo   j+ // R
Similarly, there are canonical equivalences
Modk
∼ // Sh♦Λ (Z)
0
∗
∼ // µSh♦Λ (Ω) V
✤ // j−!p!−V
induced by the correspondence
pt R<0
p−oo   j− // R
Furthemore, the composite functors are naturally equivalent
j−!p
!
− ≃ j+∗p
∗
+ : Modk
∼ // µSh♦Λ (Ω)
An inverse equivalence is given by the hyperbolic localization
η : µSh♦Λ (Z)
∼ // Modk η(F) = p∗q!F
built from the correspondence
pt R≥0
poo   q // R
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Remark 3.7. For a conic Lagrangian subvariety Λ ⊂ T ∗Z, with antipodal subvariety −Λ ⊂
T ∗Z, and conic open subspace Ω ⊂ T ∗Z, with antipodal subspace −Ω ⊂ T ∗Z, Verdier duality
induces an involutive equivalence
DZ : µShΛ(Ω)
op ∼ // µSh−Λ(−Ω)
3.5. Microstalks. Let Λ ⊂ T ∗Z be a closed conic Lagrangian subvariety.
Fix S = {Zα}α∈A a Whitney stratification of Z such that
Λ ⊂ T ∗SZ =
∐
α∈A T
∗
Zα
Z
To each stratum Zα ⊂ Z, introduce the frontier ∂(T ∗ZαZ) = T
∗
Zα
Z \ T ∗ZαZ ⊂ T
∗Z of its
conormal bundle, and the dense, open, smooth locus of their complement
(T ∗SZ)
◦ = T ∗SZ \
⋃
α∈A ∂(T
∗
Zα
Z)
Introduce the corresponding dense, open, smooth locus
Λ◦ = Λ ∩ (T ∗SZ)
◦ ⊂ Λ
Note that Λ◦ depends on the stratification S, in particular refining S leads to smaller Λ◦, but
it is always dense, open, and smooth within Λ.
Fix a point (z, ξ) ∈ Λ◦. Let B ⊂ Z be a small open ball around z ∈ Z, and f : B → R a
compatible test function in the sense that that f(z) = 0 and df |z = ξ. Let L ⊂ T ∗Z be the
graph of df , and assume that L intersects Λ◦ transversely at the single point (z, ξ) ∈ Λ◦. Note
that from the graph L ⊂ T ∗Z, we can reconstruct the ball B = π(L) ⊂ Z, and the compatible
test function f : B → R by recalling f(z) = 0 and L ⊂ T ∗Z is the graph of df .
Definition 3.8. Let Ω ⊂ T ∗Z be a conic open subspace containing (z, ξ) ∈ Λsm .
Define the microstalk along L ⊂ T ∗X to be the vanishing cycles
φL : µSh
♦
Λ (Ω)
// Modk φL(F) = Γ{f≥0}(B, F˜ |B)
where F˜ ∈ Sh♦Λ (B,ΩB) represents the restriction of F ∈ µSh
♦
Λ (Ω) to a small conic open
neighborhood ΩB ⊂ Ω of the point (z, ξ) ∈ T ∗Z.
Remark 3.9. The microstalk is well-defined since by construction it vanishes on the kernel of
the localization Sh♦Λ (B,ΩB)→ µSh
♦
Λ (ΩB) with respect to singular support.
Remark 3.10. Let us view the graph L ⊂ T ∗Z of the compatible test function f : B → R
as a small Lagrangian ball centered at (x, ξ) ∈ T ∗Z. Introduce the symplectic tangent space
V = T(z,ξ)T
∗Z and its Lagrangian subspaces
ℓ = T(z,ξ)L F = T(z,ξ)(T
∗
z Z) λ = T(z,ξ)Λ
◦
As a small Lagrangian ball centered at (x, ξ) ∈ T ∗Z, the only constraints on L ⊂ T ∗Z are
that ℓ is transverse to both F and λ inside of V . We can regard λ as the graph of a symmetric
linear map F → ℓ ≃ F ∗, and hence as a quadratic form q ∈ Sym2(F ∗) to which we can assign
the index i(q) = #{negative eigenvalues}. If Zα ⊂ Z is the stratum containing z ∈ Z, then the
restriction f |B∩Zα has a Morse singularity at z ∈ Zα of the form −
∑i(q)
i=1 z
2
i +
∑dimZα
i=i(q)+1 z
2
i .
The microstalk φL only depends on the Hamiltonian isotopy class of L ⊂ T
∗Z as a small
Lagrangian ball centered at (x, ξ) ∈ T ∗Z. The (not necessarily contractible) connected com-
ponents of the Hamiltonian isotopy classes are parameterized by the index i(q). For two such
graphs L,L′ ⊂ T ∗Z, one can find an equivalence of the shifted functors
φL′ [i(q)] ≃ φL[i(q′)]
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Lemma 3.11. An object F ∈ µSh♦Λ (Ω) is trivial if and only if all of its microstalks are trivial.
An object F ∈ µSh♦Λ (Ω) lies in the full subcategory µShΛ(Ω) ⊂ µSh
♦
Λ (Ω) if and only if all of its
microstalks are perfect k-modules.
Proof. It suffices to prove the assertion locally in Ω. Then as discussed in Remark 3.5, we may
place ourselves in the generic situation of Case 2) outlined in Section 3.4 above. Adopting the
notation therein, the localization functor restricts to an equivalence
Sh♦Λ (B)
0
∗
∼ // µSh♦Λ (Ω)
Thus it suffices to prove the assertions for an object F ∈ Sh♦Λ (B)
0
∗.
The condition that Γ(B,F) ≃ 0 implies that F vanishes on the component of the complement
of the front projection Y ⊂ B to which the coorientation points. Crossing to other components
in the complement of Y ⊂ B, we see that any stalk of F is an inductive extension of its
microstalks. This implies the assertions. 
3.6. Wrapped microlocal sheaves. Now we arrive at the main objects of study of this paper.
Definition 3.12. Fix Λ ⊂ T ∗Z a closed conic Lagrangian subvariety, and let Ω ⊂ T ∗Z be a
conic open subspace.
Define the small dg category µShwΛ(Ω) of wrapped microlocal sheaves on Ω supported along
Λ to be the full dg subcategory of compact objects within the dg category µSh♦Λ (Ω) of large
microlocal sheaves.
Remark 3.13. Given the full dg subcategory Cc ⊂ C of compact objects in a stable cocomplete
dg category, the canonical map is an equivalence Ind Cc
∼
→ C. Thus we have
IndµShwΛ(Ω)
∼ // µSh♦Λ (Ω)
The notion of compact objects in the above definition is useful in theoretical developments,
but there is a more concrete geometric characterization. Recall the microstalk functors φL :
µSh♦Λ (Ω)→ Modk introduced in the previous section. Note that φL preserves products, hence
admits a left adjoint φℓL : Modk → µSh
♦
Λ (Ω), and also preserves coproducts, hence the left
adjoint φℓL preserves compact objects.
Definition 3.14. Define the microlocal skyscraper FL = φℓL(k) ∈ µSh
w
Λ(Ω) to be the object
corepresenting the microlocal stalk
φL(F) ≃ Hom(FL,F) F ∈ µSh
♦
Λ (Ω)
Lemma 3.15. The dg category µShwΛ(Ω) of wrapped microlocal sheaves is split-generated by the
microlocal skyscrapers FL ∈ µSh
w
Λ(Ω).
Proof. By Lemma 3.11, the microlocal skyscrapersFL ∈ µSh
w
Λ(Ω) compactly generate µSh
♦
Λ (Ω) ≃
IndµShwΛ(Ω). Thus we may invoke the general fact that if a collection of objects of a small
stable dg category Cc generates the ind-category C ≃ Ind Cc, then it split-generates Cc. 
Now let us record some of the evident functoriality enjoyed by wrapped microlocal sheaves.
First, recall that for conic open subspaces Ω ⊂ T ∗Z, the dg category µSh♦Λ (Ω) of large
microlocal sheaves is the sections of a sheaf µSh♦Λ of dg categories supported along Λ. Observe
that for an inclusion ΩZ′ ⊂ Ω of conic open subspaces, the restriction map ρ : µSh
♦
Λ (Ω) →
µSh♦Λ (ΩZ′) preserves products, hence admits a left adjoint ρ
ℓ : µSh♦Λ (ΩZ′) → µSh
♦
Λ (ΩZ′),
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and also preserves coproducts, hence the left adjoint ρℓ preserves compact objects. Thus the
restriction of ρℓ to compact objects provides a natural corestriction functor
ρw : µShwΛ(ΩZ′) // µSh
w
Λ(ΩZ)
Proposition 3.16. The dg categories µShwΛ(Ω), for conic open subspaces Ω ⊂ T
∗Z, and core-
striction functors ρwµShwΛ(Ω) → µSh
w
Λ(Ω
′
Z), for inclusions Ω ⊂ Ω
′, assemble into a cosheaf
µShwΛ of dg categories supported along Λ. Furthermore, there exists a Whitney stratification of
Λ such that the restriction of µShwΛ to each stratum is locally constant.
Proof. Fix a conic open subspace Ω ⊂ T ∗Z.
Fix a cover {Ωi}i∈I by conic open subspaces Ωi ⊂ Ω.
For the first assertion, it suffices to show that the natural map
colimi∈I µSh
w
Λ(Ωi)
// µShwΛ(Ω)
is an equivalence. Colimits in the ∞-category of small stable dg categories and exact functors
are calculated by taking the compact objects in the colimit of the induced diagram in the ∞-
category of cocomplete stable dg categories and continuous functors. Thus it suffices to show
the natural map
colimi∈I µSh
♦
Λ (Ωi)
// µSh♦Λ (Ω)
is an equivalence. To calculate colimits of cocomplete stable dg categories and continuous
functors, we may pass to the opposite ∞-category of cocomplete stable dg categories and right
adjoints. Thus it suffices to show the natural map
limi∈I µSh
♦
Λ (Ωi) µSh
♦
Λ (Ω)
oo
is an equivalence. Since the corestriction maps ρℓ were defined to be the left adjoints to the
restrictions maps ρ, this is precisely a limit diagram satisfied by the sheaf µSh♦Λ .
Finally, for the second assertion, recall there exists a Whitney stratification of Λ such that
the restriction of µSh♦Λ to each stratum is locally constant. In other words, for small conic open
neighborhoods Ω ⊂ T ∗Z along a stratum, the restriction maps between the sections µSh♦Λ (Ω)
are equivalences. Thus the left adjoints of the restrictions are the inverse equivalences, and the
full dg subcategory µShwΛ(Ω) of compact objects is thus locally constant along the stratum. 
Next, recall that given a closed embedding of conic Lagrangian subvarieties Λ′ ⊂ Λ, there is
a natural full embedding i : µSh♦Λ′ → µSh
♦
Λ of sheaves of dg categories. Observe that i preserves
products, hence admits a left adjoint iℓ : µSh♦Λ → µSh
♦
Λ′ , and also preserves coproducts, hence
the left adjoint iℓ preserves compact objects. Thus the restriction of iℓ to compact objects
provides a natural essentially surjective functor
iw : µShwΛ // µSh
w
Λ′
The evaluation of iw on a microlocal skyscraper FL ∈ µSh
w
Λ(Ω) is straightforward. On the
one hand, if the small Lagrangian ball L ⊂ T ∗Z is centered at a point (x, ξ) ∈ Λ◦ that is
not contained in Λ′ ⊂ Λ, then iw(FL) ≃ 0. On the other hand, if the small Lagrangian ball
L ⊂ T ∗Z is centered at a point (x, ξ) ∈ Λ◦ contained in Λ′ ⊂ Λ, then iw(FL) simply represents
the restriction of the microlocal stalk functor to sections of µSh♦Λ′ ⊂ µSh
♦
Λ .
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3.7. Wrapped constructible sheaves. We will describe here a special case of the preced-
ing constructions. Fix S = {Zα}α∈A a Whitney stratification of Z, and recall the conormal
Lagrangian T ∗SZ =
∐
α∈A T
∗
Zα
Z
Definition 3.17. Define the small dg category ShwS (Z) of wrapped constructible sheaves to
be the full dg subcategory of compact objects within the dg category Sh♦S (T
∗Z) of large con-
structible sheaves.
Remark 3.18. Starting from the canonical equivalence Sh♦S (Z) ≃ µSh
♦
T∗
S
Z(T
∗Z) and passing
to compact objects, we obtain a canonical equivalence ShwS (Z) ≃ µSh
w
T∗
S
Z(T
∗Z). Thus we can
view wrapped constructible sheaves as a special case of wrapped microlocal sheaves.
3.7.1. Local systems. Let us first focus on the case of a single stratum S = {Z}.
Let PZ be the Poincare´ ∞-groupoid of Z. If we choose a base point zi ∈ Z representing
each connected component [zi] ∈ π0(Z), then there is a canonical equivalence of ∞-groupoids
∐
[zi]∈π0(Z)
ΩziZ
∼ // PZ
Let us introduce the respective versions of large, traditional, and wrapped local systems as
the functor categories
Loc♦(Z) = Modk(PZ) Loc(Z) = Perfk(PZ) Loc
w(Z) = PZ -Perfk
Thus a local system L ∈ Loc♦(Z) lies in the small dg subcategory Loc(Z) ⊂ Loc♦(Z) if and only
if for each zi ∈ Z the restriction L(zi) is perfect as a k-module. A local system L ∈ Loc
♦(Z)
lies in the small dg subcategory Locw(Z) ⊂ Loc♦(Z) of compact objects if and only if for each
zi ∈ Z the restriction L(zi) is perfect as a ΩziZ-module.
We have canonical equivalences
Sh♦Z (Z) ≃ Loc
♦(Z) ShZ(Z) ≃ Loc(Z) Sh
w
Z(Z) ≃ Loc
w(Z)
Example 3.19. For a specific example, take the circle Z = S1.
Then we have PS1 ≃ ΩS1 ≃ Z, and set Gm = Spec k[Z].
We have the canonical equivalences
Loc♦(Z) = QCoh(Gm) Loc(Z) = Cohprop(Gm) Loc
w(Z) = Coh(Gm)
where Cohprop(Gm) ⊂ QCoh(Gm) denotes the full dg subcategory of coherent complexes with
proper support.
3.7.2. Stratifications. Now we consider the general case of a Whitney stratification S = {Zα}α∈A.
Let PSZ be the exit path ∞-category of S. For any point z ∈ Z, its automorphisms are the
based loop space AutPS (z) ≃ ΩzZα of the stratum Zα ⊂ Z containing z ∈ Z.
We have canonical equivalences
Sh♦S (Z) ≃ Modk(PSZ) ShS(Z) ≃ Perfk(PSZ) Sh
w
S (Z) ≃ PSZ - Perfk
Thus a sheaf F ∈ Sh♦S (Z) lies in the small dg subcategory ShS(Z) ⊂ Sh
♦
S (Z) if and only if
for each z ∈ Z, the stalk Fz is perfect as a k-module. A sheaf F ∈ Sh
♦
S (Z) lies in the small dg
subcategory ShwS (Z) ⊂ Sh
♦
S (Z) of compact objects if and only if for each z ∈ Z, the stalk Fz is
perfect as a ΩzZα-module where Zα ⊂ Z is the stratum containing z ∈ Z.
To see this last assertion, note that we have the compact generators iα!Lα ∈ Sh
w
S (Z), for the
inclusion iα : Zα → Z of a stratum, and Lα = pα!kZ˜α ∈ Loc
w(Zα) the universal local system
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coming from the universal cover pα : Zα → Z. Their stalks (iα!Lα)z vanish when z 6∈ Zα, and
for z ∈ Zα are the regular ΩzZα-module.
Example 3.20. For a specific example, take the circle Z = T 1 = R/Z, with stratification
S1 = {{0}, (0, 1)}, and write i : {0} → T 1, j : (0, 1)→ T 1 for the inclusions.
Let K1 be the Kronecker quiver category with two objects a, b, and two non-identity mor-
phisms x, y : a → b. There is a canonical equivalence K1
∼
→ PS1T
1 sending a to the point
0 ∈ T 1, b to the point 1/2 ∈ T 1, x to the exit-path x : [0, 1]→ T 1, x(t) = t/2, y to the exit-path
y : [0, 1]→ T 1, y(t) = −t/2
Thus we have canonical equivalences
Sh♦S1(T
1) ≃Modk(K1) ShS1(T
1) ≃ Perfk(K1) Sh
w
S1(T
1) ≃ K1 - Perfk
with an additional equivalence Perfk(K1) ≃ K1 - Perfk.
If we set P1 = Projk[x, y], then we can rewrite the above as mirror equivalences
Sh♦S1(T
1) ≃ QCoh(P1) ShS1(T
1) ≃ Perf(P1) ShwS1(T
1) ≃ Coh(P1)
matching the objects i!k{0}, j!D(0,1) to the respective objects OP1 ,OP1(−1).
Consider as well the microlocal stalks for the Lagrangian graphs L± = Γ±dθ ⊂ T ∗T 1 centered
at (0,±1) ∈ T ∗T 1. They are calculated by the respective hyperbolic restrictions
η± : Sh
♦
S1
(T 1) // Modk η±(F) = p∗q!±F
built from the respective correspondences
pt [0, 1/2)
poo q+ // T 1 pt (−1/2, 0]
poo q− // T 1
Note that η+, respectively η−, vanishes on an object if and only if the quiver map y, respectively
x, is invertible, and they both satisfy η±(i!k0) ≃ k. Under the mirror equivalences, they
correspond to the ∗-restrictions to the respective poles
f∗± : QCoh(P
1) // Modk f+ : {y = 0} // P1 f− : {x = 0} // P1
3.8. Duality. This section presents a duality between microlocal sheaves and wrapped mi-
crolocal sheaves in the form of Theorem 3.21. The proof we give is an application of the theory
developed in [22, 23]. For the reader unfamiliar with [22, 23], we will largely use it as a black
box, and also will not appeal to the results of this section elsewhere in the paper.
Let Λ ⊂ T ∗Z be a closed conic Lagrangian subvariety, and Ω ⊂ T ∗Z a conic open subspace.
Theorem 3.21. The natural hom-pairing provides an equivalence
µShΛ(Ω)
∼ // Funex(µShwΛ(Ω)
op,Perfk)
where Funex denotes the dg category of exact functors, and Perfk that of perfect k-modules.
Remark 3.22. We caution the reader that while objects of µShwΛ(Ω) similarly give functionals
on µShΛ(Ω), it is not true that they produce all possible functionals. One could think about the
specific example where Λ = T 1 ⊂ T ∗T 1 is the zero-section, and Ω = T ∗T 1 is the entire cotangent
bundle. Then we have seen µShT 1(T
∗T 1) ≃ Perfprop(Gm) and µSh
w
T 1(T
∗T 1) ≃ Coh(Gm), and
by [5], the hom-pairing gives an equivalence
Perfprop(Gm)
∼ // Funex(Coh(Gm)op,Perfk)
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compatibly with Theorem 3.21. But clearly there are more functionals on Perfprop(Gm) than
those coming from Coh(Gm) alone. For example, one could take the hom-pairing with a direct
sum of skyscraper sheaves at infinitely many points.
Remark 3.23. If one prefers not to have opposite categories appear in Theorem 3.21, one can
take opposite categories on both sides to obtain
µShΛ(Ω)
op ∼ // Funex(µShwΛ(Ω)
op,Perfk)
op ≃ Funex(µShwΛ(Ω),Perf
op
k )
Then Verdier duality for µShΛ(Ω) identifies its opposite category with µSh−Λ(−Ω), and tensor
duality for Perfk identifies its opposite category with itself. In this way, one obtains a canonical
equivalence
µSh−Λ(Ω)
∼ // Funex(µShwΛ(Ω),Perfk)
Proof of Theorem 3.21. First, let us observe that it suffices to prove the assertion locally.
Namely, if we choose a cover {Ωi}i∈I by conic open subspaces Ωi ⊂ Ω, then since µShΛ(Ω)
is a sheaf and µShwΛ(Ω) a cosheaf we have
µShΛ(Ω) ≃ limi∈I µShΛ(Ωi) µSh
w
Λ(Ω) ≃ colimi∈I µSh
w
Λ(Ωi)
Thus if we have the assertion locally
µShΛ(Ωi)
∼ // Funex(µShwΛ(Ωi)
op,Perfk)
then we have it globally
µShΛ(Ω) ≃ limi∈I µShΛ(Ωi)
∼ // limi∈I Fun
ex(µShwΛ(Ωi)
op,Perfk)
≃ Funex(colimi∈I µSh
w
Λ(Ωi)
op,Perfk) ≃ Fun
ex(µShwΛ(Ω)
op,Perfk)
(If one were to try to swap the roles of µShΛ(Ω) and µSh
w
Λ(Ω) in the theorem, the above middle
equivalence is what fails and produces the asymmetry noted in Remark 3.22.)
Now following Remark 3.5, we may assume that Ω ⊂ T ∗Z is the cone over a small open ball
Ω∞ ⊂ S∞Z centered at a point of Λ∞ ⊂ S∞Z.
Invoking the theory developed in [22, 23], we may deform Λ∞ ⊂ S∞Z to a Legendrian
subvariety Λ∞arb ⊂ S
∞Z with arboreal singularities. Taking Λarb ⊂ T
∗Z to be the cone over
Λ∞arb ⊂ S
∞Z, we have an equivalence µSh♦Λ (Ω) ≃ µSh
♦
Λarb
(Ω), restricting to an equivalence
µShΛ(Ω) ≃ µShΛarb (Ω). Passing to compact objects in the first equivalence, we obtain an
additional equivalence µShwΛ(Ω) ≃ µSh
w
Λarb
(Ω).
Thus we may assume that the conic Lagrangian subvariety Λ ⊂ T ∗Z has arboreal singulari-
ties. Applying again the argument that it suffices to prove the assertion locally, we may further
assume that Ω ⊂ T ∗Z is the cone over a small open ball Ω∞ ⊂ S∞Z centered at a point of
Λ∞ ⊂ S∞Z that is an arboreal singularity. In this situation, the calculations of [22, 23] show
that µSh♦Λ (Ω) is equivalent to the dg category Modk(T ) of modules over a directed tree T
(a finite nonempty connected acyclic graph with an orientation of its edges), and µShΛ(Ω) is
equivalent to the dg category Perfk(T ) of perfect modules. Passing to compact objects under
the first equivalence, we have that µShwΛ(Ω) is also equivalent to Perfk(T ).
Finally, for perfect modules over a directed tree, it is straightforward to check directly that
the hom-pairing provides an equivalence
Perfk(T )
∼ // Funex(Perfk(T )op,Perfk)
One can also invoke the fact that the associated path algebra is smooth and proper. This
concludes the proof of the theorem. 
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4. Surfaces
To provide a collection of simple examples of the preceding theory, in this section we calculate
traditional and wrapped microlocal sheaves on surfaces.
Let Σ be an exact symplectic surface, with symplectic form ωΣ and Liouville form αΣ.
By a support Lagrangian Γ ⊂ Σ, we will mean a locally finite, closed embedded graph, with
vertex set denoted by V and edge set by E, admitting a continuous function f : Γ → R, such
that for each edge e ∈ E, the restriction f |e is differentiable with d(f |e) = αΣ|e. We will allow
vertices of any non-zero valence, edges incident to the same vertex at each end, half-infinite
edges incident to a single vertex, as well as infinite edges incident to no vertices. We exclude
circular edges incident to no vertices for notational convenience; the geometry will be unchanged
by picking a point on each such an edge to serve as a vertex.
We will assume the following local tameness: for each vertex v ∈ V , there is a small open
ball Bv ⊂ Σ around v and a diffeomorphism
ψ : Bv
∼ // C
such that ψ(Γ ∩Bv) ⊂ C is the union of distinct closed rays
R≥0 · e
iθa ⊂ C θa ∈ R/2πZ, a ∈ |v|
4.1. Combinatorial Fukaya categories. Given a vertex v ∈ V , denote by |v| ⊂ E the set of
edges incident to v, and by #v the valence of |v|. Let us view the union V
∐
E as a poset with
relation v < e, for v ∈ V , e ∈ E, with e ∈ |v|, and otherwise distinct elements are incomparable.
Introduce the poset P given by ordered chains in V
∐
E. Its elements are the union of the
vertices V , edges E, and the subset U ⊂ V ×E of pairs (v, e) with e ∈ |v|. Its order relation is
given by (v, e) < v, (v, e) < e, for v ∈ V , e ∈ E, (e, v) ∈ U , and otherwise distinct elements are
incomparable.
To each vertex v ∈ V , fix a small open ball Bv ⊂ Σ around v, and to each edge vertex e ∈ E,
fix a small open ball Be ⊂ Σ around e. Arrange so that each intersection Bv ∩Bv′ , Be ∩Be′ is
empty when v 6= v′, e 6= e′, and the intersection B(v,e) = Bv ∩Be is itself a ball if e ∈ |v|, and
otherwise empty.
We will only care about Σ in a small open neighborhood of Γ, and so will assume that it is
itself the union
Σ = (
⋃
v∈V Bv) ∪ (
⋃
e∈E Be)
Thanks to the intersection properties of the open balls, we have a homotopy colimit diagram
colimp∈P Bp
∼ // Σ
which can be more concretely written as the homotopy pushout diagram
⋃
(v,e)∈U B(v,e)

// ⋃
v∈V Bv
⋃
e∈E Be
// Σ
Regard the poset P as a category. Its objects are the union of the vertices V , edges E, and
the subset U ⊂ V × E of pairs (v, e) with e ∈ |v|. Its non-identity morphisms are given by
(v, e)→ v, (v, e)→ e, for v ∈ V , e ∈ E, (e, v) ∈ U , and there are no non-identity compositions
requiring definition.
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Let Λ denote the cyclic category. Introduce the functor
O : P // Λ O(p) = π0((Σ \ Γ) ∩Bp)
where the finite set O(p) is given the natural cyclic order induced by the orientation of Σ.
By the results of [8, 21], we have a functor
Cst : Λ
op // Z/2 - dgstk
of which we will make use of the following properties.
For n = 1, 2, . . ., let Λn ∈ Λop denote the standard cycle of n+ 1 elements {1→ 2→ · · · →
n→ n+ 1→ 1}. Let An be the directed quiver 1→ 2→ · · · → n. For each a ∈ {1, . . . , n}, let
Pa, ka, Ia ∈ An - Perfk denote the respective projective, skyscraper, and injective based at a.
The choice of a linear ordering underlying the cyclic ordering on Λn induces a canonical
equivalence of Z/2-dg categories
Cst(Λn) ≃ (An - Perfk)Z/2
Moreover, for a ∈ {2, . . . , n+1}, the inclusion of the subcycle ia : Λ1 = {a→ a+1→ a} → Λn
of two successive elements is taken to the quotient functor
i!a : (An - Perfk)Z/2 // (A2 - Perfk)Z/2 ≃ (Perfk)Z/2
sending the injective Ia ∈ An - Perfk to k ∈ Perfk, and killing all of the other injectives Ia′ ∈
An - Perfk with a
′ 6= a.
For a = 1, the inclusion of the subcycle i1 : Λ1 = {1→ 2→ 1} → Λn is taken to the quotient
functor
i!1 : (An - Perfk)Z/2 // (A2 - Perfk)Z/2 ≃ (Perfk)Z/2
sending the injective-projective I#v−1 ≃ P1 ∈ An - Perfk to k[−1] ∈ Perfk, and killing all of the
other projectives Pa′ ∈ An - Perfk with a
′ 6= 1.
Note that for a ∈ {2, . . . , n+ 1}, we have the fully faithful left adjoint
ia! : (Perfk)Z/2 ≃ (A2 - Perfk)Z/2 // (An - Perfk)Z/2 ia!k = ka
and for a = 1, we have the fully faithful left adjoint
i1! : (Perfk)Z/2 ≃ (A2 - Perfk)Z/2 // (An - Perfk)Z/2
i1!(k) = I#v−1[1] ≃ P1[1] ≃ [k1
∼
→ k2
∼
→ · · ·
∼
→ kn][1]
Passing to left adjoints, we thus obtain an additional functor
Cwst : Λ // Z/2 - dgstk
Definition 4.1. 1) Define the combinatorial infinitesimal and wrapped Fukaya functors of Σ
supported along Γ to be the respective compositions
FΓ = Cst ◦ O : Pop // Z/2 - dgstk F
w
Γ = C
w
st ◦ O : P // Z/2 - dgstk
2) Define the combinatorial infinitesimal and wrapped Fukaya categories to be the respective
Z/2-dg categories
FΓ(Σ) = limPop Ost FwΓ (Σ) = colimP O
w
st
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Remark 4.2. Recall for F = FΓ or FwΓ , we have equivalences of Z/2-dg categories
F(v) ≃ (A#v−1 - Perfk)Z/2 F(e) ≃ (Perfk)Z/2 F(v, e) ≃ (Perfk)Z/2
Thus we have respective pullback and pushout diagrams
⊕(v,e)∈U (Perfk)Z/2 ⊕v∈V (A#v−1 - Perfk)Z/2oo
⊕e∈E(Perfk)Z/2
OO
FΓ(Σ)oo
OO
⊕(v,e)∈U (Perfk)Z/2

// ⊕v∈V (A#v−1 - Perfk)Z/2

⊕e∈E(Perfk)Z/2 // F
w
Γ (Σ)
Furthermore, we can choose the initial equivalences so that the vertical arrows of the left
columns of the diagram are the evident functors. Thus all of the structure of the diagrams is
contained in the top rows of horizontal arrows.
4.2. Microlocal sheaves via gluing. Let N = Σ×R be the contactification of Σ with contact
form λ = dt+ αΣ where t denotes the coordinate on R.
Let L = Γ−f ⊂ N be the Legendrian lift of the exact Lagrangian skeleton Γ ⊂ Σ given by
the graph of the negative of a primitive f : Γ→ R.
Consider the plane R2 with coordinates x, y, and let π : T ∗R2 → R2 be its cotangent bundle
with canonical coordinates x, y, ξ, η, and π∞ : S∞R2 → R2 its spherical projectivization.
For each point ℓ ∈ L, we may find a small open ball U ⊂ N around ℓ, and an oriented
contact embedding
ϕ : U
  // S∞R2
Set Λ∞ = ϕ(L ∩ U) ⊂ S∞R2 to be the transported Legendrian. We may choose ϕ so that
the front projection of Λ∞ is a finite map
Λ∞ // Y = π∞(Λ∞) ⊂ R2
and ϕ(ℓ) = ((0, 0), [0, 1]) ∈ Λ∞.
Introduce the conic open subspace
Ω = {((x, y), [ξ, η]) | η > 0} ⊂ T ∗R2
and the conic Lagrangian subvariety Λ ⊂ T ∗R2 given by the cone over Λ∞ ⊂ S∞R2.
Then we have the respective dg categories
µSh♦Λp(R
2,Ω) µShΛp(R
2,Ω) µShwΛp(R
2,Ω)
of large, traditional, and wrapped microlocal sheaves.
To calculate them, let us consider two cases: ℓ = (v,−f(v)) ∈ L, with v ∈ Γ a vertex, and
ℓ = (w,−f(w)) ∈ L, with w ∈ Γ on an edge e ∈ E.
1) When ℓ = (w,−f(w)) ∈ L, with w ∈ Γ on an edge e ∈ E, we may choose ϕ so that the
front projection is the axis
Y = {y = 0} ⊂ R2
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Then we have canonical equivalences
Modk
∼ // Sh♦Λ (R
2)0!
∼ // µSh♦Λ (Ω)
induced by sending k ∈ Modk to the constant sheaf kU+ ∈ Sh
♦
Λ (R
2)0! on the closed half-space
U+ = {y > 0}.
2) When ℓ = (v,−f(v)) ∈ L, with v ∈ Γ a vertex, recall there is a small open ball Bv ⊂ Σ
around v and a diffeomorphism
ψ : Bv
∼ // C
such that ψ(Γ ∩Bv) ⊂ C is the union of distinct closed rays
R≥0 · eiθa ⊂ C θa ∈ R/2πZ, a ∈ |v|
Without changing microlocal sheaves, we may apply an isotopy to Γ to assume all of the rays
are as close as we like to the positive real ray R≥0 ⊂ C.
With this arranged, we may choose ϕ so that for e ∈ |v|, there are functions
ge : R≥0 // R
with ge(0) = 0, and dge(x)→ 0 as x→ 0, so that the front projection takes the form
Y =
⋃
e∈|v| Ye ⊂ R
2
where Ye ⊂ R≥0×R denotes the graph of ge, and Ye intersects Ye′ at the origin alone, for e 6= e
′.
Moreover, the linear ordering defined by
e < e′ ⇐⇒ ge(x) > ge′(x), x ∈ R>0
induces the cyclic ordering on |v|.
Then we have canonical equivalences
A#v−1 -Modk
∼ // Sh♦Λ (R
2)0∗
∼ // µSh♦Λ (Ω)
induced by the following. For ea ∈ |v|, with a < #v, we send the skyscraper module ka ∈
A#v−1 -Modk to the extension ia!kUa ∈ Sh
♦
Λ (R
2)0∗ along the inclusion
ia : Ua = {x > 0, ga(x) > y ≥ ga+1(x)} // R2
This also sends the projective Pa ∈ A#v−1 -Modk, for ea ∈ |v|, with a < #v, to the extension
ja!kVa ∈ Sh
♦
Λ (R
2)0∗ along the inclusion
ja : Va = {x > 0, ga(x) > y ≥ g#v(x)} // R2
It also sends the injective Ia ∈ A#v−1 -Modk, for ea ∈ |v|, with a < #v, to the extension
ha!kWa ∈ Sh
♦
Λ (R
2)0∗ along the inclusion
ha :Wa = {x > 0, g1(x) > y ≥ ga(x)} // R2
Going further, consider the open conic subspace
Ω+ = Ω×R2 {x > 0} ⊂ T
∗R2
and for e ∈ |v|, the closed conic Lagrangian subspace
Λe = Λ×R2 Ye ⊂ T
∗R2
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Consider the natural microlocal restriction
A#v−1 -Modk ≃ µSh
♦
Λ (Ω)
// µSh♦Λe(Ω+) ≃ Modk
For e > 1, it is the quotient functor sending the injective Ie ∈ A#v−1 -Modk to k ∈ Modk,
and killing all of the other injectives Ia ∈ A#v−1 -Modk with a 6= e,
For e = 1, it is the quotient functor sending the injective-projective I#v−1 ≃ P1 ∈ A#v−1 -Modk
to k[−1] ∈Modk, and killing all of the other projectives Pa ∈ A#v−1 -Modk with a 6= 1.
Now recall the poset P given by ordered chains in V
∐
E.
Fix p ∈ P , and apply the above constructions with ℓ = (v,−f(v)), if p = v, or a choice of
ℓ = (w,−f(w)), with w ∈ e, if p = e, or p = (v, e).
Let Λ∞p ⊂ S
∞R2 denote the resulting Legendrian, and Λp ⊂ T ∗R2 the conic Lagrangian
subvariety obtained by taking the cone over Λ∞p ⊂ S
∞R2.
Lemma 4.3. The respective underlying Z/2-dg categories
µSh♦Λp(R
2,Ω)Z/2 µShΛp(R
2,Ω)Z/2 µSh
w
Λp(R
2,Ω)Z/2
of large, traditional, and wrapped microlocal sheaves are canonically independent of any of the
preceding choices.
Proof. By introducing a new vertex along an edge, the situation when ℓ = (w,−f(w)) can be
viewed as a special case of when ℓ = (v,−f(v)). We will focus on the latter situation and leave
the former to the reader.
When ℓ = (v,−f(v)), we must check what happens if we return to the beginning of the
above constructions and apply an alternative isotopy to Γ to gather all of the edges at v close
together. Then up to homeomorphism, the resulting front projection
Y =
⋃
e∈|v| Ye ⊂ R
2
will change only possibly by a cyclic permutation of the labels |v|.
It suffices to analyze the case where the labels |v| change by a simple cyclic permutation.
Suppose with respect to the initial linear ordering e1 < e2 < · · · < e#v, each ea ∈ |v| goes to
the next ea+1 ∈ |v|, and the maximum e#v ∈ |v| goes to the minimum e1 ∈ |v|.
Then under the corresponding contact transformation, the dg category of microlocal sheaves
undergoes the mutation: for a < #v − 1, each sheaf ia!kUa goes to the next ia+1!kUa , and for
a = #v, the sheaf i#v−1!kU#v−1 goes to the sheaf j1!kVa [1].
Note this mutation is the same as that assigned to the simple cyclic permutation by the
functor Cst : Λop → Z/2 - dgstk. In particular, if we iterate it #v times, we obtain the shift [2].
Thus passing to underlying Z/2-dg categories, we obtain the sought-after invariance. 
Regard the poset P as a category.
Definition 4.4. 1) Define the functor of large microlocal sheaves on Σ supported along Γ to
be given by the assignments
µSh♦Γ : P
// Z/2 - dgStk µSh
♦
Γ (p) = µShΛp(R
2,Ω)Z/2
with morphisms taken to the natural microlocal restrictions.
Define the functor of traditional microlocal sheaves to be given by the assignments
µShΓ : P // Z/2 - dgstk µShΓ(p) = µShΛp(R
2,Ω)Z/2
with morphisms given by the natural microlocal restrictions.
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Define the functor of wrapped microlocal sheaves to be given by the assignments
µShwΓ : P // Z/2 - dgstk µSh
w
Γ (p) = µShΛp(R
2,Ω)Z/2
with morphisms given by the left adjoints to the natural microlocal restrictions.
2) Define the 2-periodic dg categories of traditional and wrapped microlocal sheaves to be the
respective limit and colimit
µShΓ(Σ) = limPop µShΓ µSh
w
Γ (Σ) = colimP µSh
w
Γ
Comparing the above explicit descriptions, we obtain the following.
Theorem 4.5. There are canonical equivalences of functors
FΓ
∼ // µShΓ FwΓ
∼ // µShwΓ
and thus canonical equivalences of their respective limits and colimits
FΓ(Σ)
∼ // µShΓ(Σ) FwΓ (Σ)
∼ // µShwΓ (Σ)
Corollary 4.6. The functors of traditional and wrapped microlocal sheaves µShΓ, µSh
w
Γ and
their respective Z/2-dg categories of global sections µShΓ(Σ), µSh
w
Γ (Σ) only depend on the exact
symplectic structure on Σ through the orientation it defines.
Remark 4.7. Suppose we restrict to compact support Lagrangians, or more generally, support
Lagrangians with fixed structure near the circular ends of Σ. Then Dyckerhoff-Kapranov [8]
have explained that the the Z/2-dg categories FΓ(Σ), FwΓ (Σ) are canonically independent of the
specific choice of skeleton Γ ⊂ Σ. They provide invariants of the oriented surface Σ equipped
with a finite subset of the circular ends of Σ.
Corollary 4.8. The natural hom-pairing provides an equivalence
µShΓ(Σ)
∼ // Funex(µShwΓ (Σ)
op,Perfk)
Proof. As in the proof of Theorem 3.21 below, it suffices to prove the assertion locally. But
perfect and coherent modules over the An-quiver coincide, and form a smooth and proper dg
category, so the assertion holds locally. 
4.3. Example: punctured spheres. We focus here on the specific example Σn = S
2 \ Sn,
where Sn consists of n ≥ 2 distinct points, and Γn ⊂ Σn is a natural compact Lagrangian
skeleton.
Remark 4.9. By Corollary 4.6, microlocal sheaves on a surface Σ supported along Γ depend on
the symplectic structure of Σ only in so far as it provides an orientation and hence the requisite
cyclic orderings. In what follows, we will keep track of orientations but not the specifics of the
symplectic structure.
Let T 1 = R/2πZ be the circle, with coordinate θ, and T ∗T 1 ≃ T 1 ×R its cotangent bundle,
with canonical coordinates θ, ξ.
Fix n ≥ 2. Introduce the finite set
sn−2 = {(π, 2m− 1) ∈ T 1 × R |m = 1, . . . , n− 2}
Let us work with the surface Σn = S
2 \ Sn in the form of the open complement
Σn = T
∗T 1 \ sn−2
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The canonical exact symplectic structure on T ∗T 1 restricts to an exact symplectic structure
on Σn. This exact structure is in no way specially tuned to Σn, and in particular, does not
present it as a Weinstein manifold, but all we require is the induced orientation.
Let us work with the skeleton
Γn = {(θ, 2m− 2) ∈ T
1 × R |m = 1, . . . , n− 1} ∪ {(0, ξ) ∈ T 1 × R | 0 ≤ ξ ≤ 2n− 4} ⊂ Σn
For n = 2, set Q2 = Gm. For n ≥ 3, set
Qn = A
1 ∪pt P1 ∪pt P1 · · · ∪pt P1 ∪pt A1
with n− 3 copies of P1, and where the inclusions of pt = Spec k into each copy of P1 from the
left and right have distinct images.
Theorem 4.10. There are mirror equivalences
µShΓn(Σn) // Perfprop(Qn)Z/2 µSh
w
Γn(Σn)
∼ // Coh(Qn)Z/2
Proof. By Theorem 4.5, there are canonical equivalences
FΓn(Σn)
∼ // µShΓn(Σn) F
w
Γn
(Σn)
∼ // µShwΓn(Σn)
Thus it suffices to establish the assertion for combinatorial Fukaya categories.
On the one hand, viewing Qn as an iterated pushout, by Proposition 2.8, we can calculate
Perfprop(Qn)Z/2 as an iterated pullback and Coh(Qn)Z/2 as an iterated pushout.
On the other hand, for any a < b, define the open subspace
Σ(a, b) = Σn ∩ (T 1 × (a, b)) ⊂ Σn
Consider the cover of Σn by the open subspaces
Σ(−∞, 2),Σ(0, 4), . . . ,Σ(2n− 8, 2n− 4),Σ(2n− 6,∞)
Each only intersects its neighbors in the list and these intersections take the form
Σ(0, 2),Σ(2, 4), . . . ,Σ(2n− 8, 2n− 6),Σ(2n− 6, 2n− 4)
Consider Σn as an iterated pushout diagram of the above cover. Applying the functors of
combinatorial Fukaya categories FΓ, FwΓ , it is a straightforward exercise to check that we obtain
equivalent diagrams to those calculating Perfprop(Qn)Z/2, Coh(Qn)Z/2 respectively. To outline
the steps, for the end terms Σ(−∞, 2),Σ(2n − 6,∞), we obtain Perfprop(A1)Z/2,Coh(A
1)Z/2
consonant with Lemma 5.25 below. For the middle terms Σ(0, 4), . . . ,Σ(2n − 8, 2n − 4), we
obtain Perfprop(P
1)Z/2,Coh(P
1)Z/2 consonant with Example 3.20 above. For the intersections
of neighbors, note that the skeleton reduces to a line so we obtain (Perfk)Z/2. Finally, see
Example 3.20 to confirm the maps of the diagram are the evident pushforwards. (Note the
diagram contains no cycles and so there are no compatibilities of the maps to check.) 
5. Pairs of pants
5.1. Liouville manifolds. We will view pairs of pants as Liouville manifolds and so recall here
some standard background in this direction. Our source for all of the material is [7].
Let X be a smooth manifold. Let v ∈ Vect(X) be a complete vector field, and denote its
flow by vt : X → X , for t ∈ R. Let X0 ⊂ X be the zero locus of v, or equivalently the fixed
locus of vt. By the stable locus of v, we will mean the subspace
Xst = {x ∈ X | limt→∞ vt(x) ∈ X0} ⊂ X
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Now let W be an exact symplectic manifold with Liouville form α and symplectic form
ω = dα. The Liouville vector field v ∈ Vect(W ) defined by ivω = α is symplectically expanding
Lvω = ω. Conversely, if a vector field v ∈ Vect(W ) is symplectically expanding Lvω = ω, then
the one-form α = ivω is a Liouville form dα = ω.
Definition 5.1. By a Liouville manifold (W,α, ω), we will mean an exact symplectic manifold
W with Liouville form α and symplectic form ω = dα such that the Liouville vector field
v ∈ Vect(W ) is complete, and there exists an exhaustion W =
⋃∞
i=1W
i by compact domains
W i ⊂W with smooth boundaries along which v is outward pointing.
Let W 0 ⊂W be the zero locus of the Liouville vector field v, or equivalently the fixed locus
of the Liouville flow vt :W →W , for t ∈ R. We will use the term skeleton to refer to the stable
locus for the Liouville flow
W st = {x ∈ W | limt→∞ vt(x) ∈W 0} ⊂W
A Liouville manifold is said to be finite-type if the skeleton is compact. In this case, we
may fix a single compact domain W c ⊂ W with smooth boundary along which the Liouville
vectro field v is outward pointing and such that W st ⊂ W c. Then the boundary ∂W c ⊂ W is
naturally a contact manifold with contact form λ = α|∂W c . Applying the Liouville flow vt to
the boundary ∂W c provides an exact symplectomorphism
W \W st
∼ // ∂W c × R
where ∂W c × R is the symplectization of ∂W c with Liouville form etλ.
By a Liouville submanifold, we will mean a closed submanifold V ⊂W such that the restric-
tions (V, α|V , ω|V ) form a Liouville manifold.
Definition 5.2. A smooth family (W,α(s), ω(s)), s ∈ [0, 1], of Liouville manifolds is called a
simple Liouville homotopy if there exists a smooth family of exhaustions W =
⋃∞
i=1W
i(s) by
compact domains W i(s) ⊂ W with smooth boundaries along which the Liouville vector field
v(s) is outward pointing. A smooth family (W,α(s), ω(s)), s ∈ [0, 1], of Liouville manifolds is
called a Liouville homotopy if it is a composition of finitely many simple Liouville homotopies.
Proposition 5.3. [7, Proposition 11.8] Let (W,α(s), ω(s)), s ∈ [0, 1], be a Liouville homotopy.
Then there exists a diffeotopy h(s) : W → W with h(0) = IdW such that h(s)∗α(s) − α(0) is
exact, for all s ∈ [0, 1]. Moreover, if the closure of the union
⋃
s∈[0,1]W (s)
st is compact, then
we can achieve that h(s)∗α(s−α0 = 0, for all s ∈ [0, 1], outside of a compact subspace.
Remark 5.4. A Liouville homotopy of finite-type Liouville manifolds need not have the prop-
erty that the closure of the union
⋃
s∈[0,1]W (s)
st is compact (see [7, Example 11.7]).
Definition 5.5. By a Weinstein manifold (W,α, ω, φ), we will mean an exact symplectic man-
ifold W with Liouville form α, symplectic form ω = dα, and exhausting Morse-Bott function
φ :W → R such that the Liouville vector field v ∈ Vect(W ) is complete and gradient-like for φ.
A Weinstein manifold (W,α, ω, φ) defines a Liouville manifold (W,α, ω) (though not every
Liouville manifold is diffeomorphic to a Weinstein manifold [18]). For a Weinstein manifold
(W,α, ω, φ), the critical locus of φ coincides with the zero locus of v, and is a union W 0 =∐
iW
0
i ⊂ W of connected critical manifolds. The skeleton is a union W
st =
∐
iW
st
i ⊂ W of
the respective stable manifolds
W sti = {x ∈ W | limt→∞ vt(x) ∈W
0
i } ⊂W
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By construction, each stable manifoldW sti ⊂W is invariant with respect to the Liouville vector
field v, and hence isotropic for the Liouville form α|W sti = 0.
Let M be a complex manifold, and J : TM → TM its complex structure. To a smooth
function φ :M → R, associate the respective one-form and two-form
dcφ = dϕ ◦ J ωφ = −ddcφ = 2i∂∂φ
One says that φ is J-convex if the assignment
gφ(v, w) = ωφ(v, Jw) v, w ∈ TM
is positive definitive gϕ(v, v) > 0, for v 6= 0 ∈ TM , and so defines a Riemannian metric.
Definition 5.6. By a Stein manifold (M,J, φ), we will mean a complex manifold M , with
complex structure J , equipped with an exhausting J-convex function φ :M → R.
Remark 5.7. Given a complex manifold (M,J), the space of exhausting J-convex functions
is convex, hence contractible, and open in the C2-topology.
Remark 5.8. Any closed complex submanifold of CN is a Stein manifold when equipped with
the exhausting J-convex function φ(z) = |z|2. Conversely, thanks to classical results of Grauert
and Bishop-Narasimhan, any Stein manifold can be embedded as a closed complex submanifold
of some CN .
A Stein manifold (M,J, φ) defines an exact symplectic form ωφ with Liouville form d
cφ.
After composing φ with a suitable convex function so that the Liouville vector field is complete,
we obtain a Liouville manifold (M,dcφ, ωφ). After perturbing φ so that it is Morse-Bott, we
obtain a Weinstein manifold (M,dcφ, ωφ, φ). Conversely, up to suitable homotopy, every Stein
manifold comes from a Weinstein manifold [7].
Example 5.9. For n ∈ N, set [n] = {1, . . . , n}.
Introduce the torus T n = (R/2πZ)n with coordinates θa, for a ∈ [n]. Fix the usual identi-
fication T ∗T n ≃ T n × Rn with canonical coordinates θa, ξa, for a ∈ [n], so that the Liouville
form, symplectic form, and Liouville vector field take the respective forms
αn =
n∑
a=1
ξadθa ωn = dαn =
n∑
a=1
dξadθa vn =
n∑
a=1
ξa∂ξa
The regular T n-action on T n induces a Hamiltonian T n-action on T ∗T n with moment map the
natural projection
µn : T
∗T n // Rn µn(θ1, ξ1, . . . , θn, ξn) = (ξ1, . . . , ξn)
Taking its squared-length provides a Weinstein manifold (T ∗T n, αn, ωn, |µn|2) with skeleton the
zero-section T n ⊂ T ∗T n.
Introduce the complex torus T n
C
= (C×)n with coordinates za = xa+iya = rae
iθa , for a ∈ [n].
Fix the identification T n
C
≃ T ∗T n defined by za = eξa+iθa so that ξa = log |za|, ra = eξa , for
a ∈ [n]. Note that the moment map µn : T ∗T n → Rn transports to the projection
Logn : T
n
C
// Rn Logn(z1, . . . , zn) = (log |z1|, . . . , log |zn|)
Taking its squared-length provides a Stein manifold (T n
C
, J, |Logn |
2) with underlying Weinstein
manifold (T ∗T n, αn, ωn, |µn|2).
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5.2. Tailored pairs of pants. We continue with the constructions and notation recorded in
Example 5.9 above. Thus we have the natural Stein structure
(T n+1
C
, J, |Logn+1 |
2)
on a complex torus, and the natural Weinstein structure
(T ∗T n+1, αn+1, ωn+1, |µn+1|2)
on the cotangent bundle of a compact torus. Under the identification T n+1
C
≃ T ∗T n+1, given in
coordinates by za = e
ξa+iθa , for a ∈ [n+1], the Stein structure induces the Weinstein structure.
By the n-dimensional pair of pants, we will mean the Liouville manifold (Pn, αPn , ωPn) given
by the generic hyperplane
Pn = {1 + z1 + · · ·+ zn+1 = 0} ⊂ T
n+1
C
equipped with the restricted Liouville form αPn = αn|Pn and symplectic form ωPn = ωn|Pn .
Note this is the Liouville manifold associated to the Stein manifold (Pn, J, φn) given by the
restricted exhausting J-convex function φn = |Logn |
2|Pn .
Remark 5.10. Fix the standard open embedding
T n+1
C
⊂ Pn+1
C
= Proj(k[z0, z1, . . . , zn+1])
as the complement of the coordinate hyperplanes Ha = {za = 0} ⊂ P
n+1
C
, for a ∈ {0} ∪ [n].
Thus the n-dimensional pair of pants lies in the hyperplane
H = {z0 + · · ·+ zn+1 = 0} ⊂ P
n+1
C
as the complement of its intersections with the coordinate hyperplanes
Pn = H \ (
n+1⋃
a=0
H ∩Ha)
Note the symmetric group Σn+2 naturally acts on the subspaces Pn ⊂ T
n+1
C
⊂ Pn+1
C
by per-
muting the homogeneous coordinates.
Following Mikhalkin [19], it is useful to work with the pair of pants in a slightly modified form
where we alter its embedding near infinity. By the n-dimensional tailored pair of pants, we will
mean the Liouville manifold (Qn, αQn , ωQn) given by the submanifold Qn ⊂ T
n+1
C
constructed
in [19, Proposition 4.6] equipped with the restricted Liouville form αQn = αn|Qn and symplectic
form ωQn = ωn|Qn .
Let us recall some of its key properties. For a large constant R > 0, consider the closed
(n+ 1)-simplex
∆n+1(R) = {(x1, . . . , xn+1) ∈ R
n+1 |xa ≥ −R, for a ∈ [n+ 1],
∑n+1
a=1 xa ≤ R}
For a large constant M > 0, consider the open subspace
C×(M) = {z ∈ C× | log |z| < −M}
and more generally, the open subspace
T n+1
C
(M) = {(z1, . . . , zn+1) ∈ T
n+1
C
| log |zn+1| < −M}
Note the evident identification T n+1
C
(M) ≃ T n
C
× C×(M).
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1) There is an isotopy of Liouville submanifolds
Qn(s) ⊂ T
n+1
C
, s ∈ [0, 1], Qn(0) = Pn, Qn(1) = Qn
Moreover, the isotopy is constant inside of the compact region Log−1n+1(∆n+1(R)) ⊂ T
n+1
C
, and
preserved by the permutation action of the symmetric group Σn+2. In particular, Qn coincides
with Pn inside of Log
−1
n+1(∆n(R)), and Qn is preserved by the action of Σn+2.
2) There is the inductive compatibility
Qn ∩ T
n+1
C
(M) = Qn−1 × C×(M)
In particular, Qn ∩ T
n+1
C
(M) is preserved by the dilation zn+1 7→ czn+1, for c ∈ (0, 1). Note
that the permutation action of Σn+2 implies similar compatibilities in other directions.
To provide the tailored pair of pants with a particularly simple skeleton, it will be useful to
break symmetry and apply a natural isotopy to its Liouville structure.
For x = (x1, . . . , xn+1) ∈ Rn+1, consider the family of Weinstein structures on T
n+1
C
≃
T ∗T n+1 given in coordinates za = e
ξa+iθa , for a ∈ [n+1], by the translated Liouville form and
translated symplectic form
αxn =
∑n+1
a=1(ξa − xa)dθa ω
x
n = dα
x
n =
∑n+1
a=1 (ξa − xa)dθa
Note these are the Weinstein structures associated to the Stein structures given by the translated
exhausting J-convex function
|Logxn+1(z1, . . . , zn+1)|
2 =
∑n+1
a=1(log |za − xa|)
2
The restricted Liouville form αxPn = α
x
n|Pn and symplectic form ω
x
Pn
= ωxn|Pn provide a family
of Liouville structures on the pair of pants Pn ⊂ T
n+1
C
induced by the restricted exhausting
J-convex function φxn = |Log
x
n |
2|Pn . It follows from the arguments of [19, Proposition 4.6] that
we may construct the tailored pair of pants Qn ⊂ T
n+1
C
so that the restricted Liouville form
αxQn = α
x
n|Qn and symplectic form ω
x
Qn
= ωxn|Qn provide a family of Liouville structures as well.
Now choose a large ℓ > 0, and fix the point xℓ = (−ℓ, . . . ,−ℓ) ∈ Rn+1. Let us focus our
attention on the Liouville structure on the tailored pair of pants Qn ⊂ T
n+1
C
given by the
specific translated Liouville form
βQn = α
xℓ
Qn
= (
n+1∑
a=1
(ξa + ℓ)dθa)|Qn
We will write Ln ⊂ Qn for the resulting skeleton. Our aim in the rest of this section is to
describe its geometry. To do so, we will first introduce some further simple constructions.
Introduce the diagonal circle T 1∆ ⊂ T
n+1. The translation T 1∆-action on T
n+1 induces a
Hamiltonian T 1∆-action on T
∗T n+1 with moment map
µ∆ : T
∗T n+1 // R µ∆(θ1, ξ1, . . . , θn+1, ξn+1) =
∑n+1
a=1 ξa
Consider the quotient Tn = T n+1/T 1∆ consisting of (n + 1)-tuples [θ1, . . . , θn+1] taken up
to simultaneous translation. If we distinguish the last entry, then we obtain an identification
Tn ≃ T n via the coordinates θa − θn+1, for a ∈ [n].
Let t∗n = {
∑n+1
a=1 ξa = 0} ⊂ R
n+1 denote the dual of the Lie algebra of Tn. Consider the cotan-
gent bundle T ∗Tn ≃ Tn× t∗n consisting of pairs of (n+1)-tuples ([θ1, . . . , θn+1], (ξ1, . . . , ξn+1)),
with the first taken up to simultaneous translation, and the second satisfying
∑n+1
a=1 ξa = 0.
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For χ ∈ R, we have a twisted Hamiltonian reduction correspondence
T ∗T n+1 µ−1∆ (χ)
? _
qχoo pχ // // T ∗Tn
where the level-set µ−1∆ (χ) consists of pairs of (n+1)-tuples ((θ1, . . . , θn+1), (ξ1, . . . , ξn+1)), with
the second satisfying
∑n+1
a=1 ξa = χ. The map qχ is the evident inclusion, and the map pχ is the
translated projection
pχ((θ1, . . . , θn+1), (ξ1, . . . , ξn+1)) = ([θ1, . . . , θn+1], (ξ1 − χˆ, . . . , ξn+1 − χˆ))
where we set χˆ = χ/(n + 1). In particular, when χ = 0, we recover the usual Hamiltonian
reduction correspondence
T ∗T n+1 T ∗
T 1
∆
T n+1? _
q0oo p0 // // T ∗Tn
where T ∗T 1
∆
T n+1 ⊂ T ∗T n+1 is the conormal bundle.
Introduce the conic Lagrangian subvariety
Λ1 = {(θ, 0) | θ ∈ T 1} ∪ {(0, ξ) | ξ ∈ R≥0} ⊂ T 1 × R ≃ T ∗T 1
and product conic Lagrangian subvariety
Λn+1 = (Λ1)
n+1 ⊂ (T ∗T 1)n+1 = T ∗T n+1
Note that Λn+1 ⊂ µ
−1
∆ (R≥0), and that Λn+1 and µ
−1
∆ (χ) are transverse, for χ > 0.
Definition 5.11. For χ > 0, define the Lagrangian subvariety
Ln = pχ(q
−1
χ (Λn+1) ⊂ T
∗Tn
Remark 5.12. We do not include χ in the notation for Ln since eventually we will specialize
to the case χ = n+1, the character of T 1∆ arising by restricting the diagonal character of T
n+1.
For now, we keep χ as a variable since fewer appearances of n+ 1 may lead to less confusion.
To describe Ln ⊂ T ∗Tn, let us return to the moment map µn+1 : T ∗T n+1 → Rn+1 and
restrict it to Λn+1 ⊂ T ∗T n+1. Note first that µn+1(Λn+1) = R
n+1
≥0 . For I ⊂ [n + 1], consider
the relatively open coordinate cone
σI = {ξa = 0, ξb > 0 | a ∈ I, b 6∈ I} ⊂ R
n+1
≥0
For x ∈ σI , note that µ
−1
n+1(x) ∩ Λn+1 is the orthogonal coordinate subtorus
T I = {θa = 0 | a 6∈ I} ⊂ T n+1
Next consider the closed simplex
Ξ˜n(χ) = {(ξ1, . . . , ξn+1) | ξa ≥ 0, for a ∈ [n+ 1],
∑n+1
a=1 ξa = χ} ⊂ R
n+1
≥0
Note that the projection pχ restricts to an isomorphism
µ−1∆ (χ) ∩ Λn+1 = µ
−1
n+1(Ξ˜n(χ))
∼ // Ln
since for any point of µ−1∆ (χ)∩Λn+1, we must have ξa > 0 and hence θa = 0, for some a ∈ [n+1],
so that no points are identified by T 1∆-translations.
For proper I ⊂ [n+ 1], consider the relatively open subsimplex
Ξ˜I(χ) = Ξ˜n(χ) ∩ σI
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Then we see that pχ restricts to an isomorphism
⋃
I T
I × Ξ˜I(χ)
∼ // Ln
where we take the union over nonempty I ⊂ [n+ 1].
To make the above description more intrinsic, consider for χ > 0, and proper I ⊂ [n + 1],
the relatively open simplex
ΞI(χ) = {(ξ1, . . . , ξn+1) | ξa > −χˆ, for a ∈ I, ξa = −χˆ, for a 6∈ I,
∑n+1
a=1 ξa = 0}
and the subtorus TI ⊂ Tn given by the isomorphic image of T I ⊂ T n+1.
Then the above description descends to an identification of subspaces
Ln =
⋃
I T
I × ΞI(χ) ⊂ Tn × t∗n ≃ T
∗Tn
where we take the union over proper I ⊂ [n+ 1].
Now we are ready to describe the geometry of the skeleton Ln ⊂ Qn.
Theorem 5.13. There is an open neighborhood Un ⊂ Qn of the skeleton Ln ⊂ Qn and an open
symplectic embedding
j : Un
  // T ∗Tn
restricting to an isomorphism
j|Ln : Ln
∼ // Ln
Proof. Consider the real points
Rn = Qn ∩ T
n+1
R
= {(x1, . . . , xn+1) ∈ (R×)n+1 |
∑n+1
a=1 xa = −1}
and in particular its component where all coordinates are negative
R−n = {(x1, . . . , xn+1) ∈ R
n+1
<0 |
∑n+1
a=1 xa = −1} ⊂ Rn
Consider the closed simplex
∆n(ℓ) = {(x1, . . . , xn+1) ∈ R
−
n | log |xa| ≥ −L, for a ∈ [n+ 1]}
and for proper I ⊂ [n+ 1], the relatively open subsimplices
∆I(ℓ) = {(x1, . . . , xn+1) ∈ R−n | log |xa| > −ℓ, for a 6∈ I, log |xb| = −ℓ, for b ∈ I}
So for example, for I = ∅, we have ∆∅(ℓ) is the interior of ∆n(ℓ), and for I = [n+ 1] \ {i}, we
have ∆[n+1]\{i}(ℓ) is a vertex of ∆n(ℓ).
Introduce as well the barycenters of the subsimplices
δI(ℓ) = {log |xa| = log |xa′ |, for a, a′ 6∈ I, log |xb| = −ℓ, for b ∈ I} ⊂ ∆I(ℓ)
For proper I ⊂ [n + 1], recall we write T I ⊂ T n+1 for the subtorus with θa = 0, for a 6∈ I.
So for example, for I = ∅, we have T ∅ ⊂ T n+1 is the identity.
By the inductive compatibility of tailored pairs-of pants, the vanishing locus of the Liouville
form βQn includes for proper, nonempty I ⊂ [n+ 1], the nondegenerate manifold given by the
torus orbit of the corresponding barycenter
CI(ℓ) = T
I · δI(ℓ)
with respective stable manifold the torus orbit of the relatively open subsimplex
SI(ℓ) = T
I ·∆I(ℓ)
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Recall by [19, Corollaries 4.4 and 4.5] and the constructions of [19, Proposition 4.6], we may
arrange so that Rn is precisely the critical points of Logn+1 |Qn and furthermore Logn+1 |Rn
is an immersion. It follows that the only additional vanishing of the Liouville form βQn is the
nondegenerate isolated zero at the central barycenter
C∅(ℓ) = {δ∅(ℓ)} = {T
∅ · δ∅(ℓ)}
Moreover, note that the one-form dθa, for a ∈ [n + 1], vanishes on tangent vectors to Rn,
and thus the Liouville form βQn does as well. Therefore Rn is a Lagrangian subvariety of
Qn and invariant with respect to the Liouville flow. In particular, the stable manifold of the
nondegenerate isolated zero must be the open subsimplex
S∅(ℓ) = ∆∅(ℓ) = T
∅ ·∆∅(ℓ)
Altogether, we conclude the skeleton is the union of stable manifolds
Ln =
⋃
I SI(ℓ) =
⋃
I T
I ·∆I(ℓ)
where the union is over proper I ⊂ [n+ 1].
Now let us find the neighborhood Un ⊂ Qn and symplectic embedding j : Un →֒ T ∗Tn in the
statement of the theorem.
On the one hand, consider a small open neighborhood U◦n ⊂ Qn of the closed simplex
∆n(ℓ) ⊂ R−n . By the inductive compatibility of tailored pairs-of pants, near each relatively
open boundary subsimplex ∆I(ℓ) ⊂ ∂∆n(ℓ), for nonempty, proper I ⊂ [n + 1], there is the
local coisotropic foliation of U◦n with leaves defined by the collection of functions log |za|, for
a ∈ I. Moreover, the local coisotropic foliations are compatible in the evident sense that for
nonempty, proper I ⊂ J ⊂ [n + 1], near the relatively open subsimplex ∆J (ℓ) ⊂ ∂∆n(ℓ), the
leaves defined by the collection of functions log |za|, for a ∈ J , refine those defined by log |za|,
for a ∈ I. Thus we specify no extra structure away from the boundary ∂∆n(ℓ) ⊂ R−n , and
for example, for I = [n + 1] \ {i}, we have a local Lagrangian foliation on U◦n near the vertex
∆[n+1]\{i}(ℓ) ⊂ ∆n(ℓ).
On the other hand, consider a small open neighborhood U◦n ⊂ T
∗
T
n of the closed simplex
Ξn(χ) ⊂ t∗. Near each relatively open boundary subsimplex ΞI(χ) ⊂ ∂Ξn(χ), for nonempty,
proper I ⊂ [n + 1], there is the local coisotropic foliation of U◦n with leaves defined by the
collection of functions ξa, for a ∈ I. Moreover, the local coisotropic foliations are compatible
in the evident sense that for nonempty, proper I ⊂ J ⊂ [n + 1], near the relatively open
subsimplex ΞJ(χ) ⊂ ∂Ξn(χ), the leaves defined by the collection of functions ξa, for a ∈ J ,
refine those defined by ξa, for a ∈ I. Thus we specify no extra structure away from the boundary
∂Ξn(χ) ⊂ t∗, and for example, for I = [n+ 1] \ {i}, we have a local Lagrangian foliation on U◦n
near the vertex Ξ[n+1]\{i}(χ) ⊂ Ξn(χ).
Now choose a symplectomorphism
j◦ : U◦n
∼ // U◦n
restricting to a diffeomorphism of Lagrangian submanifolds
R−n ∩ U
◦
n
∼ // t∗ ∩ U◦n
further restricting to an isomorphism of closed simplices
∆n(ℓ)
∼ // Ξn(χ)
and compatible with the above local coisotropic foliations.
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Next, for proper I ⊂ [n+ 1], choose a small open neighborhood
U◦I ⊂ U
◦
n
around the subsimplex ∆I(ℓ) ⊂ ∆n(ℓ), and consider the corresponding small open neighborhood
U◦I = j
◦(U◦I ) ⊂ U
◦
n
around the subsimplex ΞI(ℓ) ⊂ Ξn(χ).
Introduce the open neighborhoods
Un =
⋃
I T
I · U◦I ⊂ Qn Un =
⋃
I T
I · U◦I ⊂ T
∗Tn
of the respective Lagrangian subvarieties
Ln =
⋃
I T
I ·∆I(ℓ) ⊂ Qn Ln =
⋃
I T
I · ΞI(χ) ⊂ T
∗
T
n
Since the matched local coisotropic foliations are the moment maps for the respective subtorus
actions, the symplectomorphism j◦ canonically extends to a symplectomorphism
j : Un
∼ // Un
satisfying the requirements of the theorem. 
5.3. Contactification and symplectification. By Theorem 5.13, the symplectic geometry
of a neighborhood Un ⊂ Qn of the skeleton Ln ⊂ Qn is equivalent to that of a neighborhood
Un ⊂ T ∗Tn of the Lagrangian subvariety Ln ⊂ T ∗Tn.
To keep track of the exact symplectic geometry, let us introduce the Liouville form βn on
the neighborhood Un ⊂ T ∗Tn obtained by transporting the Liouville form βQn restricted to
the neighborhood Un ⊂ Qn. Thus βn provides a primitive to the restriction of the canonical
symplectic form ωT∗Tn |Un = dβn, and also the Lagrangian subvariety Ln ⊂ T
∗
T
n is conic with
respect to its associated Liouville vector field.
Our aim in this section is to give a microlocal interpretation of the exact symplectic geometry
of the neighborhood Un ⊂ T ∗Tn with Liouville form βn and symplectic form ωT∗Tn |Un = dβn.
To begin, let us recall some general notions forM an exact symplectic manifold with Liouville
form αM and symplectic form ωM = dαM .
Definition 5.14. 1) The circular contactification of M is the contact manifold N = M × T 1,
with contact form λN = dt+ αM , and contact structure ξN = ker(λN ).
2) The contactification of M is the contact manifold N˜ = M × R, with contact form
λN˜ = dt+ αM , and contact structure ξN˜ = ker(λN˜ ).
Here and in what follows, we often write t for a coordinate on T 1 or R.
Remark 5.15. Note the natural contact Z-cover N˜ → N induced by the Z-cover R→ T 1.
Remark 5.16. Suppose given two Liouville forms dαM = ωM , dα
′
M = ωM .
1) If the difference αM − α′M is integral, then any primitive f : M → T
1, df = αM − α′M
provides a diffeomorphism
F : N
∼ // N F (m, t) = (m, t+ f(m))
intertwining the respective contact forms F ∗(dt+ α′M ) = dt+ αM .
2) Similarly, if the difference αM−α′M is exact, then any primitive f˜ :M → R, df˜ = αM−α
′
M
provides a diffeomorphism
F : N˜
∼ // N˜ F (m, t) = (m, t+ f˜(m))
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intertwining the respective contact forms F ∗(dt+ α′M ) = dt+ αM .
Definition 5.17. 1) A Lagrangian subvariety L ⊂M is integral if there is a continuous function
f : L → S1, called the integral structure, such that the restriction of f to any submanifold
contained within L is differentiable and a primitive for the restriction of the Liouville form αM .
2) A Lagrangian subvariety L ⊂M is exact if in addition there exists a lift of f : L→ S1 to
a continuous function f˜ : L→ R, called the exact structure.
Remark 5.18. 1) A Lagrangian subvariety L ⊂ M is integral if and only if it admits a
Legendrian lift L ⊂ N . We can construct the lift L ⊂ N as the graph
ΓL,−f = {(x,−f(x)) |x ∈ L} ⊂M × T 1 = N
of the negative of an integral structure f : L → T 1, or conversely, construct the integral
structure f : L→ T 1 by regarding an isotropic lift L ⊂ N as the negative of its graph.
2) Similarly, a Lagrangian subvariety L ⊂ M is exact if and only if it admits a Legendrian
lift L˜ ⊂ N˜ .
Now let us return to the neighborhood Un ⊂ T ∗Tn with symplectic form ωT∗Tn |Un , and
focus on the two Liouville forms βn and αT∗Tn |Un . On the one hand, the Lagrangian subvariety
Ln ⊂ Un is conic with respect to the Liouville vector field associated to βn, and thus exact with
respect to βn as exhibited by the trivial exact structure. On the other hand, if we construct
Ln ⊂ Un using χ > 0 with χˆ = χ/(n+ 1) integral, then the function
f˜ : µ−1∆ (χ) ∩ Λn+1
// T 1 f˜ =
n+1∑
a=1
(ξa − χˆ)θa
is invariant under T 1∆-translations, and hence descends to a function f : Ln → T
1. Moreover, a
straightforward computation shows f provides an integral structure with respect to αT∗Tn .
Let us continue from here with χ > 0 such that χˆ = χ/(n+ 1) is integral.
Consider the contactifications (Nn, λn), (Nn, λ
′
n) where we set
Nn = Un × T 1 λn = dt+ αT∗Tn |Un λ
′
n = dt+ βn
Following Remark 5.18, consider the respective Legendrian lifts
Ln = ΓLn,−f L
′
n = Ln × {0}
Consider the difference γn = αT∗Tn |Un − βn and note that dγn = 0. Observe that γn is
integral since the inclusion Ln ⊂ Un is a homotopy equivalence, and the restriction γn|Ln is
equal to the restriction αT∗Tn |Ln which is integral. Thus there is a unique function g : Un → T
1
such that dg = γn with the normalization g|Ln = f . Following Remark 5.16, we obtain a
contactomorphism
G : (Nn, λn)
∼ // (Nn, λ′n) G(m, t) = (m, t+ g(m))
Note further that G(Ln) = L′n since we have g|Ln = f . We conclude that the contact geometry
of (Nn, λn) near Ln is equivalent to that of (Nn, λ′n) near L
′
n. Thus to give a microlocal
interpretation of (Nn, λ
′
n) near L
′
n, it suffices to do the same for (Nn, λn) near Ln.
Now let us further specialize to χ = n+ 1 so that χˆ = χ/(n+ 1) = 1.
Introduce the conic open subspace and its spherical projectivization
Ωn+1 = µ
−1
∆ (R>0) ⊂ T
∗T n+1 Ω∞n+1 = Ωn+1/R>0 ⊂ S
∞T n+1
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Note the natural projection gives an isomorphism of contact manifolds
µ−1∆ (χ)
∼ // Ω∞n+1
Recall the map pχ : µ
−1
∆ (χ)→ T
∗Tn given by the translated projection
pχ((θ1, . . . , θn+1), (ξ1, . . . , ξn+1)) = ([θ1, . . . , θn+1], (ξ1 − χˆ, . . . , ξn+1 − χˆ))
Lemma 5.19. For χ = n+ 1, so that χˆ = 1, we have a finite contact cover
pχ : Ω
∞
n+1 ≃ µ
−1
∆ (χ)
// T ∗Tn × T 1 pχ = pχ × δ
where δ : T n+1 → T 1 is the diagonal character.
The cover is trivializable over the neighborhood Nn ⊂ T ∗Tn×T 1 of the Legendrian Ln ⊂ Nn
with a canonical section s : Nn → Ω∞n+1 such that s(Ln) = Λ
∞
n+1.
Proof. Altogether, the proposed map takes the form
pχ((θ1, . . . , θn+1), (ξ1, . . . , ξn+1)) = ([θ1, . . . , θn+1], (ξ1 − χˆ, . . . , ξn+1 − χˆ),
∑n+1
a=1 θa)
Note this is a finite Z/(n+ 1)Z-cover.
The contact structure on T ∗Tn × T 1 is the kernel of the one-form
λ = dt+
∑n+1
a=1 ξadθa
Since χ = n+ 1, so χˆ = 1, the pullback of λ takes the form
p∗χλ =
∑n+1
a=1 dθa +
∑n+1
a=1(ξa − χˆ)dθa =
∑n+1
a=1 ξadθa
and thus its kernel defines the contact structure on Ω∞n+1.
Finally, recall that Ln = ΓLn,−f , with f : Ln → T
1 represented by
f˜ : µ−1∆ (χ) ∩ Λn+1
// T 1 f˜ =
∑n+1
a=1(ξa − χˆ)θa
Define the section s : Ln → Ω∞n+1 by the formula
s([θ1, . . . , θn+1], (ξ1, . . . , ξn+1),−f) = ((θ1, . . . , θn+1), [ξ1 + χˆ, . . . , ξn+1 + χˆ])
where we require θa = 0 whenever ξa + χˆ > 0, for a ∈ [n + 1]. Note this arises for some
a ∈ [n+1], and thus constrains the homogeneous expression. Moreover, since for all a ∈ [n+1],
either θa = 0 or ξa = χˆ along Ln, the function −f , with χˆ = 1, is equal to
∑n+1
a=1 θa along Ln.
Thus we indeed have a section, and since the inclusion Ln ⊂ Nn is a homotopy equivalence,
the section extends from Ln to Nn. 
By the lemma, the contact geometry of the circular contactification Nn ⊂ T ∗Tn × T 1 near
the Legendrian lift Ln is equivalent to that of the open subspace Ω∞n+1 ⊂ S
∞T n+1 near the
Legendrian subvariety Λ∞n+1. This is the microlocal interpretation we were seeking, but for
compatibility with standard refererences, which often adopt the setting of exact symplectic
rather than contact geometry, it is useful to go one step further.
Definition 5.20. Let N be a co-oriented contact manifold with contact form λ. The symplec-
tification of N is the exact symplectic manifold M = N × R with Liouville form α = etλ.
Remark 5.21. The contact geometry of N is equivalent to the conic symplectic geometry of
M . In particular, taking the inverse-image under the projection M → N induces a bijection
from subspaces of N to conic subspaces of M .
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Remark 5.22. We will only invoke the above definition in the following concrete situation.
Given an open subspace Ω∞ ⊂ T∞Z, its symplectification is the open cone
Ω = {(z, ξ) | ξ 6= 0, (z, [ξ]) ∈ Ω∞} ⊂ T ∗Z \ Z
with the restricted canonical Liouville form αZ |Ω and symplectic form ωZ |Ω = dαZ |Ω.
Now we can summarize the result of the above discussion in a final form. Introduce the
circular contactification Qn × T 1, and then its symplectification Q˜n = Qn× T 1×R, with their
natural projections
Q˜n = Qn × T 1 × R
s // Qn × S1
c // Qn
The skeleton Ln ⊂ Qn lifts under c to the Legendrian subvariety Ln × {0} ⊂ Qn × S1, and we
can take its inverse-image under s to obtain a conic Lagrangian subvariety
L˜n = s
−1(Ln × {0}) ⊂ Q˜n
Then we have constructed the following lift of Theorem 5.13.
Theorem 5.23. Fix χ = n+1. There is a conic open neighborhood U˜n ⊂ Q˜n of the Lagrangian
subvariety L˜n ⊂ Q˜n, a conic open neigborhood Υn+1 ⊂ Ωn+1 of the intersection Λn+1 ∩ Ωn+1,
and an exact symplectomorphism
˜ : U˜n
∼ // Υn+1
restricting to an isomorphism
˜|L˜n : L˜n
∼ // Λn+1 ∩Ωn+1
5.4. Mirror symmetry. Our aim in this section is to calculate wrapped microlocal sheaves
on the tailored pair of pants Qn supported along the skeleton Ln.
Recall the conic Lagrangian subvariety
Λ1 = {(θ, 0) | θ ∈ T 1} ∪ {(0, ξ) | ξ ∈ R≥0} ⊂ T 1 × R ≃ T ∗T 1
and the product conic Lagrangian subvariety
Λn+1 = (Λ1)
n+1 ⊂ (T ∗T 1)n+1 ≃ T ∗T n+1
Recall the conic open subspace
Ωn+1 = {
∑n+1
a=1 ξa > 0} ⊂ T
∗T n+1
The constructions of the preceding section summarized in Theorem 5.23 justify the following
starting point.
Ansatz 5.24. Set the dg category µShLn(Qn) of wrapped microlocal sheaves on the tailored
pair of pants Qn supported along the skeleton Ln to be the dg category of wrapped microlocal
sheaves on Ωn+1 supported along Λn+1.
Let us begin with the following variant of Example 3.20.
Lemma 5.25. There are mirror equivalences
Sh♦Λn+1(T
n+1) ≃ QCoh(An+1) ShΛn+1(T
n+1) ≃ Perfprop(An+1)
ShwΛn+1(T
n+1) ≃ Coh(An+1)
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Proof. Following Example 3.20, recall the Kronecker quiver category K1 with two objects a, b,
and two non-identity morphisms x, y : a→ b. Recall the equivalences
Sh♦S1(T
1) ≃Modk(K1) ≃ QCoh(P1)
Following Example 3.20, the inclusion Λ1 ⊂ T
∗
S1
T 1 induces a full embedding Sh♦Λ1(T
1) ⊂
Sh♦S1(T
1) with image those modules such that the quiver map x is invertible. Thus for the
inclusion j : A1 = Spec k[y/x] = {x 6= 0} → P1, we have the identification of full subcategories
Sh♦Λ1(T
1) ≃ j∗(QCoh(A1))
Taking products over the product quiver category, we obtain the first asserted equivalence.
The third immediately follows by taking compact objects. For the second, one can repeat the
above argument working with quiver modules with values in perfect k-modules. 
Fix a subset I ⊂ [n+ 1], with complement Ic = [n+ 1] \ I.
Let T I ⊂ T n+1 be the subtorus defined by θa = 0, for a ∈ I
c. Let ΛI = (Λ1)
I ⊂ (T ∗T 1)I ≃
T ∗T I be the product conic Lagrangian subvariety.
Consider the hyperbolic restriction
ηI : Sh
♦
Λn+1
(T n) // Sh♦ΛI (T
I) ηI(F) = p∗q!F
built from the correspondence
T I T I × [0, 1/2)I
cpoo q // T n+1
where p is the evident projection and q the evident inclusion.
To verify ηI indeed respects the singular support condition specified, note that it is simply the
product of copies of the hyperbolic restriction η+ introduced in Example 3.20 in the coordinate
directions indexed by Ic, and the identity in the coordinate directions indexed by I.
Let f : AI = Spec k[ta | a ∈ I} → An = Spec k[t1, . . . , tn] be the affine subspace defined by
ta = 0, for a 6∈ I.
Lemma 5.26. The first and second equivalences of Lemma 5.25 canonically extend to commu-
tative diagrams
Sh♦Λn+1(T
n+1)
η

∼ // QCoh(An+1)
f∗

ShΛn+1(T
n+1)
η

∼ // Perfprop(An+1)
f∗

ShΛI (T
I)
∼ // QCoh(AI) ShΛI (T
I)
∼ // Perfprop(AI)
Proof. Since ηI preserves constructible sheaves, it suffices to construct the first commutative
diagram. Recall that the hyperbolic restriction η+ : Sh
♦
S1
(T 1) → Modk introduced in Exam-
ple 3.20 corresponds to the ∗-restriction QCoh(P1) → Modk to the point of projective space
{y = 0} ⊂ P1. Hence under the first equivalence of Lemma 5.25, its restriction to the full
subcategory Sh♦Λ1(T
1) ⊂ Sh♦S1(T
1) corresponds to the ∗-restriction QCoh(A1) → Modk to the
same point regarded in the affine space A1 = Spec k[y/x] = {x 6= 0} ⊂ P1. Now recall that ηI
is the product of copies of the hyperbolic restriction η+ in the coordinate directions indexed by
Ic, and the identity in the coordinate directions indexed by I. Thus taking products over the
coordinate directions, we obtain the assertion. 
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Now we arrive at our main calculation. Introduce the union of coordinate hyperplanes
Xn = {t1 · · · tn+1 = 0} ⊂ An+1
Theorem 5.27. There are mirror equivalences
µSh♦Λn+1(Ωn+1) ≃ IndCoh(Xn) µShΛn+1(Ωn+1) ≃ Perfprop(Xn)
µShwΛn+1(Ωn+1) ≃ Coh(Xn)
Proof. Let us recall the setup of the descent of Proposition 2.7.
Let In+1 be the category with objects subsets I ⊂ [n+ 1], and morphisms I → I
′ inclusions
I ⊂ I ′. Let I◦n+1 ⊂ In+1 denote the full subcategory of proper subsets I 6= [n+ 1].
Let Xk denote the category of affine lci k-schemes and closed embeddings.
Define a functor A : I◦n+1 → Xk as follows. For an object I ∈ I
◦
n+1, take the affine space
A(I) = AI = Spec k[ta | a ∈ I], and for a morphism I ⊂ I ′, take the inclusion A(I, I ′) : AI =
Spec k[ta | a ∈ I]→ Spec k[ta | a ∈ I ′] = AI
′
, given by setting ta = 0, for each a ∈ I ′ \ I,
Recall the functor IndCoh∗ : Xopk → dgStk that assigns to a scheme its ind-coherent sheaves
and to a proper morphism of schemes its ∗-pullback. Recall also the full subfunctor Perf∗prop :
X
op
k → dgstk of perfect complexes with proper support.
Consider the composite functor IndCoh∗ ◦A : (I◦n+1)
op → dgStk, and subfunctor Perf
∗
prop ◦A :
(I◦n+1)
op → dgstk. By the descent of Proposition 2.7, the canonical maps are equivalences
IndCoh(Xn)
∼ // lim(I◦n+1)op IndCoh(A
I) Perfprop(Xn)
∼ // lim(I◦n+1)op Perfprop(A
I)
Coh(Xn) colimI◦n+1 Coh(A
I)
∼oo
To prove the theorem, we will similarly identify µSh♦Λn+1(Ωn+1) as the limit of a functor
µSh♦ : (I◦n+1)
op // Stk
and then provide an equivalence of functors µSh♦ ≃ IndCoh∗ ◦A. This will immediately provide
the first and third asserted equivalences.
For the second, we will observe that µShΛn+1(Ωn+1) is the limit of a full subfunctor µSh ⊂
µSh♦ equivalent to the subfunctor Perf∗prop ◦A ⊂ IndCoh
∗ ◦A.
Now to each I ∈ I◦n+1, introduce the conic open subspace ΩI ⊂ Ωn+1 cut out by the
additional requirement ξa 6= 0, for a 6∈ I. Thus for I ⊂ I ′, we have the open inclusion ΩI ⊂ ΩI′ ,
and for I = [n + 1], we have ΩI = Ωn+1. Note that the collection {ΩI}I∈I◦n+1 forms a conic
open cover of Ωn+1 with the property ΩI∩I′ = ΩI ∩ ΩI′ .
Define the functor
µSh♦ : (I◦n+1)
op // dgStk µSh
♦(I) = µSh♦Λn+1(ΩI)
with inclusions I ⊂ I ′ taken to the restriction maps along the inclusions ΩI ⊂ ΩI′ .
Define the full subfunctor µSh ⊂ µSh♦ by taking µSh(I) = µShΛn+1(ΩI)
Since µSh♦Λn+1 forms a sheaf, µShΛn+1 ⊂ µSh
♦
Λn+1
a full subsheaf, and {ΩI}I∈I◦n+1 an open
conic cover of Ωn+1, the canonical maps are equivalences
µSh♦Λn+1(Ωn+1)
∼ // lim(I◦n+1)op µSh
♦
Λn+1
(ΩI)
µShΛn+1(Ωn+1)
∼ // lim(I◦n+1)op µShΛn+1(ΩI)
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Next let us define an additional functor to interpolate between IndCoh ◦A and µSh♦.
For I ∈ I◦n+1, recall the subtorus T
I = (T 1)I ⊂ T n defined by θa = 0, for a ∈ Ic, and the
corresponding product conic Lagrangian subvariety ΛI = (Λ1)
I ⊂ (T ∗T 1)I ≃ T ∗T I .
Define the functor
Sh♦ : (I◦n+1)
op // dgStk Sh
♦(I) = Sh♦ΛI (T
I)
with inclusions I ⊂ I ′ taken to the hyperbolic restrictions
ηI⊂I′ : Sh
♦
ΛI′
(T I
′
) // Sh♦ΛI (T
I) ηI⊂I′(F) = p∗q!F
built from the correspondences
T I T I × [0, 1/2)I
′\Ipoo q // T I
′
where p is the evident projection and q the evident inclusion.
Note that ηI⊂I′ is simply the product of hyperbolic restrictions in the coordinate directions
indexed by I ′ \ I, and the identity in the coordinate directions indexed by I. In particular, it
satisfies evident compatibilities providing Sh♦ with the structure of a functor.
Define the full subfunctor Sh ⊂ Sh♦ by taking Sh(I) = ShΛI (T
I).
Now Lemmas 5.25 and 5.26, along with evident compatibilities, confirm we have equivalences
Sh♦ ≃ IndCoh∗ ◦A Sh ≃ Perf∗prop ◦A
It remains to establish equivalences of functors
Sh♦ ≃ µSh♦ Sh ≃ µSh
For any I ∈ I◦n+1, let us return to the hyperbolic restriction
ηI : Sh
♦
Λn+1
(T n+1) // Sh♦ΛI (T
I) ηI(F) = p∗i!F
built from the correspondence
T I T I × [0, 1/2)I
cpoo q // T n+1
First, observe that η factors through the microlocalization
Sh♦Λn+1(T
n+1) // µSh♦ΛI (ΩI)
η˜I // Sh♦ΛI (T
I)
since the hyperbolic restriction in the coordinate direction indexed by a ∈ Ic vanishes on sheaves
whose singular support does not intersect the locus {ξa > 0} ⊂ T ∗T n+1.
Next, for I ⊂ I ′, observe that the induced functors extend to natural commutative diagrams
µSh♦ΛI′ (ΩI
′)
ρI⊂I′

η˜I′ // Sh♦ΛI′ (T
I′)
ηI⊂I′

µSh♦ΛI (ΩI)
η˜I // Sh♦ΛI (T
I)
following the identities of Example 3.6.
Thus we have a map of functors η˜ : µSh♦ → Sh♦, restricting to a map of subfunctors
µSh → Sh. It remains to show η˜ : µSh♦ → Sh♦ is an equivalence. For this, it suffices to fix
I ∈ I◦n+1 and show that
η˜I : µSh
♦
ΛI
(ΩI) // Sh
♦
ΛI
(T I)
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is an equivalence. But it admits an inverse induced by the pushforward
jI∗ : Sh
♦
ΛI
(T I) // Sh♦Λn+1(T
n+1)
along the natural inclusion jI : T
I → T n+1. To see this, note that jI is simply the product
of the inclusions in the coordinate directions indexed by Ic, and the identity in the coordinate
directions indexed by I.
This concludes the proof of the theorem. 
Composing the last equivalence of Theorem 5.27 with the equivalence of Proposition 2.3, we
obtain the following. Recall that to a dg category C, we assign its folding CZ/2 by forgetting
structure to obtain a Z/2-dg category.
Corollary 5.28. There is an equivalence of Z/2-dg categories
µShwΛn+1(Ωn+1)Z/2 ≃ MF(A
n+2,Wn+2)
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